ANDRZESMAGCKIEWIOZ 


ANAWWSIS 


“problems solutionSsandenints= 


Math 1: Analysis 
Problems, Solutions and Hints 


FOR THE ELECTRONICS AND TELECOMMUNICATION STUDENTS 


Andrzej Matkiewicz 
Technical University of Poznan 


Contents 


1 Logic and techniques of proof (Exercises) 
1.1 Practice Problems .........0.0.0.0 000000000 ee 
1.20 BXELEISES) a dng, 4 eal be a el a ee a wk ee ee Biel oh ey aA 


2 Introduction to limits (Exercises) 
21 ‘Basic concepts: 2... 2.4 608 Pa ae Re Pe Pe ee es 
Qed? SHOT PleG! 8 MM ec dy edt, Auten Sachs Yfke as Heda ee AMM Bok g 
213° sHIXCLGISES)( 2. 4-.9)8 294, 0g. Bld ws bee E wlan ese dd tf ead 


3 Calculation of limits (Exercises) 
3.1 Some basic, general facts about limits .............. 
3.2. Practice Problems .............0..0.2 000000. 
3.3 Some Trigonometric Limits .................... 
3.3.1 Continuity of sine and cosine ............... 
Oiosd, ~ LANSENG: 2% jh 6a Shs Bh aed gt a a a eh eS 
J:313. “Gotan Pent: seule: oe Seep ees: San Make gee Panes 
3.3.4 Typical Examples ..................204. 
3.4 The Epsilon-Delta Definition ofa Limit ............. 
Sep ~LIXCECISES® 42 Suc Sad who dees Suge Wo eas ae wee tk Acs 


4 Continuity (Exercises) 
4.1 Continuous Functions .................20-0004 
4.1.1 Three types of "simple" discontinuities. ......... 
4.1.2 Classical continuous functions. .............. 
4.1.3 Several properties of continuous functions ........ 
4.1.4 One sided continuity .................0.0. 
4.1.5 Continuity on an interval ...............0.. 
Ai): -SEGXCTCISES:: Jy tei Saar dey Se tek te eM nk Ne Boal, of JN Lon 


5 Benefits of Continuity (Exercises) 
5.1 The Intermediate Value Theorem ................. 
5.2 Boundedness; The Extreme Value Theorem ........... 
D:0'“., FUXEPCISES® i -eow ek Gi arhs an septa ee ado) oo & Ree, BA 


4 Contents 
6 The Derivative (Exercises) 
7 How to solve differentiation problems (Exercises) 


8 The derivative and graphs (Exercises) 
8.1 Practice Problems .................-.4 
8.1.1 Continuity and the Intermediate Value Theorem 
8.1.2 Increasing and and Decreasing Functions .. . 
8.1.3 The Second Derivative and Concavity ..... 
S:2. WXErcises. a s-2.32 553 Gh be Ae alg oe pee a el GE 


9 Implicit differentiation 


10 Sketching graphs (Exercises) 
10.1 Practice Problems .................... 
TO:2. E:XCTCISES!: 8 cic Bae ps hah AER ae ade Pete dd he Mle, bak Se 


11 Optimization and linearization (Exercises) 
11.1 Practice Problems ..................24. 
11:2) EXercis@s. es. ke ec es eG chs GU cee Ee 
11.3 Review exercises: Chapter 11 .............. 


12 Definite integrals (Exercises) 
12.1 Practice Problems «20. 2 ee be ee 
12.1.1 The Definite Integral of a Continuous Function 
12.1.2 Indefinite integral .............0.0. 
TD DTH RCTCISES » hn Bice tats Pek a ca Bay ee ARS py Ronde tee aces nd 


13 The fundamental theorem of calculus (Exercises) 
13:1:-Practice: Problems: 32.4 3.0; Gee vache ged eae Ge ee 
13.1.1 The Function F(x)=f" f(t)dt .. 0.0.0.0. 
13.1.2 Area of a Region between 2 Curves. ...... 
13.1.3 The Area under an Infinite Region ....... 
TBI2EXCRCISES® “45 eh 2S ouaiegee Ba wha eG eae ea ae 


14 Natural logarithm (Exercises) 
14.1 Practice Problems .................024. 
14.1.1 Properties of the natural logarithmic function . 
14.1.2 Logarithmic differentiation ........... 
14:2 EXercisés) toe fe eg Rh see RU ee ee 


15 The exponential function (Exercises) 


55 


57 


59 
59 
59 
61 
62 
64 


69 


71 
71 
75 


77 
77 
81 
84 


93 
93 
93 
95 
98 


103 
103 
103 
105 
108 
109 


111 
111 
111 
112 
112 


113 


15.1 Practice Problems ~ 2.2253 40 2c swage MB see ek oe eon 
EOs2 EXEL CISES Bo oscb- eae ocnteasi any. oe erteati ed: ae We ata eee 


16 Inverse functions and inverse trig functions (Exercises) 
16.1 Practice Problems .................0.0.0. 
TO: 2M RELCISES” 5:25 08 ae Gr a ae ae Eee AP dene Se Eee Get ded 


17 L’Hospital’s rule and overview of limits (Exercises) 
17.1 Practice problems. ................22004% 
LGD EXCICISES: fh a0 oe a Sy Ge ot ee a ee ea 


18 Applications of Integration (Exercises) 


18.1 Practice Problems .........0.........0048. 
LSi2 EXCLCISES™ ~ eee era Saka Tee Mende Se tha a Te TE eee 


19 Arc Length and Surface Area (Exercises) 


19.1 Practice Problems .........0.........048. 
[OU 2 EXCTCISES!. wae ey 2: ok Ge OSS ok Celt Desa Wide a a et 


20 Techniques of integration, part one (Exercises) 


20.1 Basic Integration Formulas ................ 
20.2 Practice Problems ..................2-.4. 
20.2.1 Integration by substitution ............, 
20.2.2 When substitution does not work. ........ 
20.3 Very Famous Example .................2.. 
20:4E:XCrG1SeS® wots, Gk As Qo ee en oa Ps te Bhs es 


21 Techniques of integration, part two (Exercises) 


21.1 Trigonometric Substitutions .............0.. 
21.1.1 The Sine Substitution ............... 
21.1.2 The Tangent Substitution ..........0.0., 
21.1.8 Completing asquare................ 

21.2 L’Hopital’s method and partial fractions ........ 

21.3 Some famous examples... ............2-4. 

21.4 EX€relses echo ea ce ese ye oe see ty ted Se oe 


22 Taylor polynomials (Exercises) 


22.1 Practice Problems ..............0. 00000. 


Bibliography 


Preface 


This is the complementary text to my Calculus Lecture Notes for the Elec- 
tronics and Telecommunication students at Technical University in Poznaf. 
It is an outgrowth of my teaching of Calculus I at Technical University of 
Poznan (for the first year students). 

The goal of this text is to help students learn to use the most difficult 
parts of calculus intelligently in order to be able to solve a wide variety of 
mathematical and physical problems. The exercise sets have been carefully 
constructed to be of maximum use to the students. 

Prerequisite material from algebra, trigonometry, and analytic geometry is 
consistent with the Polish standards. Students are advised to assess themselves 
and to take a pre-calculus course if they lack the necessary background. 

The author de-emphasize the theory of limits, leaving a detailed study to 
the end of the course, after the students have mastered the fundamentals of 
calculus-differentiation and integration. 

Computer and calculator applications are used for motivation and to illus- 
trate the numerical content of calculus. In my view the ability to visualize 
basic graphs and to interpret them mentally is very important in calculus and 
in subsequent mathematics courses. 

This text leaves out the less important parts of the course because of the 
limited capacity of the book. 

Misprints are a plague to authors (and readers) of mathematical textbooks. 
The author have made a special effort to weed them out, and we will be grateful 
to the readers who help us eliminate any that remain. 


Andrzej Maékiewicz 
Poznan, September 2014 
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Logic and techniques of proof (Exercises) 


1.1 Practice Problems 


Example 1 Prove that x” — y” has x —y as a factor for all positive integers 
n. 


Solution: The statement is true for n = 1 since x! — y! = x — y. Assume 
the statement true for n = k, i.e., assume that x* — y* has x — y as a factor. 
Consider 


1 _ phy 4 phy — ybt 
= 2*(2—y)+y(a* — y*). 


The first term on the right has x — y as a factor, and the second term on 
the right also has x — y as a factor because of the above assumption. Thus 
gktl _ yk+l has « — y as a factor if 2* — y* does. 


Example 2 [fn € Z and n> 0, then 7} 9t-i! = (n+ 1)!—-1. 


Lee gy = 2x 


Solution: We will prove this with mathematical induction. 


1) If n =0, this statement is 


0 
So iei! = ( (O+1)!-—1 


1=0 


Since the left-hand side is 0-0! = 0, and the right-hand side is 1!— 1 = 0 
the equation ae i-i! = (0+ 1)! — 1 holds, as both sides are zero. 


2) Consider any integer k > 0. We must show that S; implies S;,41. That is, 


we must show that ‘ 


Sled! =(k+1)!-1 


4=0 
implies 
k+1 


Stil = ((k +1) $1)!-1. 


i=0 


10 1. Logic and techniques of proof (Exercises) 


We use direct proof. Suppose ae i-t! = (k +1)! — 1.. Observe that 


k+1 k 

Soi! = Slidlt(k+1) (K+)! 

= ((k F1)!—1) + (&+1) (k+1)! 
= (+(k+1))(k+1)!-1 
= (k+2)!-1 
= ((k+1)+1)!-1, 

Therefore 

k+1 
Soil =((kK+ 1 4D!-1. 
1=0 


It follows by induction that 


n 


Sci! =(n+1)!-1 


i=0 
for every integer n > 0. 
Example 3 Ifné€N, then (1+ 2)" >1+nz2 for all alla € R with x > -1. 


Solution: We will prove this with mathematical induction. 


1) For the basis step, notice that when n = 1 the statement is (Ita)! > 1+1a 
, and this is true because both sides equal 1 + 2. 


2) Assume that for some k > 1, the statement (1+ a) > 1+ kz is true for 
all all x € R with x > —1. From this we need to prove 


(’t+a)Ftl>14+(k+1)z. 


Now, 1+ 2 is positive because x > —1, so we can multiply both sides 
of (1+ a2)* > 1+kax by (1+ 2) without changing the direction of the 
inequality >. 


(l+a)F(l+2) > (l+ka)(14+2), 
(lta) > l4+at+ket+kz2?, 
(l+a)*t > 1Ll+(k+a+k2? 


The above term kx? is positive, so removing it from the right-hand side 
will only make that side smaller. Thus we get (1+ 2)*t! > 1+(k+1)e. 


1.2 Exercises 11 
1.2 Exercises 


Exercise 1.1 The Fibonacci numbers {F,}°°, are defined by Fi = Fo = 1, 
and 


Frai = Fa - Fr-i, n> 2. 

Prove by induction that 
(1+ v5)" + (- v5)" 
arV/5 


Exercise 1.2 Thus, the first several Fibonacci numbers are Fy =1; Fo = 1; 
Fg =2; Fy =3; P5 =5; Poe = 8; Fy = 18; Fg = 21; et cetera. Use mathemat- 
ical induction to prove the following formula involving Fibonacci numbers. 


Fy, = n> 1. 


n 
Soy = Fy, Fy4t: 
i=l 
Exercise 1.3 Let the numbers ag, a1, a2,... be defined by 
ao =1, a1 =3,...,€n =4(Gn-1—Gn-2) for n> 2. 


Show by induction that an = 2”-+(n +2) for all n> 0. 


Exercise 1.4 Prove by induction that 


k 
2 
(a1 taat...4+2,%)° = y a? + 2(x129 txeyag t+... $21 Lp + 1273 
i=1 
+0904 + ...02t, + 0304 + 0305 +... + UE-12p). 


Exercise 1.5 Prove by induction that 


1 — cos2nz 


sinx + sin3xz+sin5z+...+sin(2n — 1)¢ = , for n>1. 


2sin x 


HINT: You will need trigonometric identities that you can derive from the iden- 
tities 


cos(a— 8) = cosacos$ +sinasin£, 


cos(a+ 8) = cosacosf —sinasin B. 


Take these two identities as given. 


12 1. Logic and techniques of proof (Exercises) 


Exercise 1.6 Show that 


| / T 


where there are n 2s in the expression on the left. HINT: We know that for any 


angle 0 we have: 
1+ cos 20 
cos = 4/ or 


Exercise 1.7 Prove by induction that, for all x £1, 


ni _ nett — (n+ 1)a" +1 


1+ 27 +32? +...+nz 5 
(x — 1) 
Exercise 1.8 Prove by induction that for any positive integer n 
LE dee A 1 1 
Megha hg ts ON par = Gt L): 


HINT: Compare with Example (??). 


Exercise 1.9 A “postage stamp problem” is a problem that (typically) asks 
us to determine what total postage values can be produced using two sorts of 
stamps. Suppose that you have 3¢ stamps and 7¢ stamps, show (using strong 
induction) that any postage value 12¢ or higher can be achieved. That is, 


for anynEN, n>12S>4a,yeNn, n=3x+7y. 


Show that any integer postage of 12¢ or more can be made using only 4¢ and 
5¢ stamps. 


Exercise 1.10 Suppose that m and n are integers, with 0 < m <n. The 
binomial coefficient ( ) is the coefficient of t™ in the expansion of (1 +t)"; 


that is, 
(1+4)" = 3 eles 
me 


m=0 


From this definition it follows immediately that 


(3)-()-» a2 


For convenience we define 


1.2 Exercises 


(eA (")4(,%,) omen 


and use this to show by induction on n that 


n n! 
= oor O0<m<n. 
2 m!(n —m)! 


a) Show that 


b) Show that 


c) Show that 
n . n mM, M—-M 
(x+y) 2 ie 
(This is the binomial theorem.) 


HINT: This is certainly true for n =1, since 


(c+y)'=a2+y= (i)e+ ({) 


Whenn =k +1, write 


(x af yt 


and replace j by 7 —1 in the last sum to obtain 


k 
k k 
(ety) tt = yk +5 (5) He (, a )| ah yhtt—9 4 ght, 
j=l 


Finally, show how the right-hand side here becomes 
k 


k+l 
TEV gs : 1\. : 
ybtl 4 3 (ee ary 4 ght S ae jeu ae 


j=l j=0 
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CoE wes (k=9 21) 


is usually called the Pascal Triangle Identity, since in the triangle of 
numbers 


The identity 


1 
1 1 
1 2 1 
1 3 3 1 
1 4 6 4 at 
1 5 10 10 5 1 


each “interior” entry is the sum of the two entries above it, and since 
the n-th row turns out to be ae (i on CG. Thus, if for ecample n = 5, 
then directly from the Pascal’s triangle we have 


(x+y)? =2° + 5aty + 1023 y? + 1027y? + 5ay* + y°. 


Exercise 1.11 Show that V3 and \/2 are not rational. 
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Introduction to limits (Exercises) 


2.1 Basic concepts 


Suppose that a function f has the graph shown below. 


Our goal is to describe the behavior of f in the vicinity of x = 1 in a concise 
manner. Notice that f(1) = 1. Yet, if 1, then f(x) = 2. 


So, the number 2 is crucial in describing the behavior of f near 1. We say that 
2 is the limit of f(a) as x approaches 1. This is written compactly as 


16 2. Introduction to limits (Exercises) 


To be more precise, the reason that the limit is 2 as x approaches 1 is that 
for any interval centered at 2 in the y-axis (no matter how small) the number 
f(x) will be in that interval for all 2 other than 1 in some significantly small 
interval centered at x = 1 in the z-axis. 


Also we point out, that lim;—.; f() has nothing to do with the value of f 
at 1.We can change f(1) to any number we want, or even leave it undefined 
and the limit remains 2. Notice, that if lim,;_.; f(w) = 2 is different than f(1) 
there is a "hole" in the graph at (1, 2). 


If f(1) were equal to 2, the "hole" would be filled. Value and limit coincide, 
whenever the graph of f is continuous. This idea the basis of the mathematical 
definition of continuity (that will be presented later). 

Let us look at another example. Again suppose that f(x) has the graph 
shown below. Here the interesting behavior of f is in the vicinity of x = 0. 
Notice that f(0) = 2. If + 0 and x < 0 then f(x) © 2. But if « = 0 and 
x >Othen f(x) = 1. Therefore, the limit of f(x) as x approaches 0 does not 
exist. 


2.1 Basic concepts 17 


However, we can say that 2 is the limit of f(x) as x approaches 0 from the left 
and express this by writing 


lim: f(z) = 2: 


2—0- 


We can also say, that 1 is is the limit of f(x) as x approaches 0 from the right 
and express this by writing 


lim f(z) = 2. 


20+ 


Important fact: 
limy—a f(x) exists if and only if 
lim, .,- f(z) and lim,_,,+ f(z) 
both exist and are equal. 
If it happens, the common value of the one-sided limits is lim,;., f(z). 


Another example. Suppose, that f(x) has the graph shown below. 


18 2. Introduction to limits (Exercises) 


Here the interesting behavior of f is in the vicinity of « = 2. Notice, that f(2) 
is undefined and the line x = 2 is a vertical asymptote. If « = 2 and x < 2, 
then f(x) is large and positive. But if «+ 2 and x > 2, then f(x) is large and 
negative. Therefore, the limit of f(x) as x approaches 2 does not exist. In fact, 
neither of the one sided limits exist. However, we can describe the nature of 


the vertical asymptote writing: 


li => d ii a s 
Jim f(e)=+00 and lim, f(z) = —0o 


2.2. Examples 


Example 4 Given the function f(x) whose graph is below, determine the fol- 
lowing: 


2.2 Examples 19 


Solution: 
c) lim, ..+ f(z) =0 d) limg—1 f(x) does not exist. 


Example 5 Given the function f whose graph is below, determine the follow- 
ing: 


Solution: 
e) lim,9+ f(z) = —co d) limg2 f(x) does not exist. 


Example 6 Sketch the graph of a function f, defined for —1 < x < 3, for 
which the following are true: 


lim,—o f(x) = fd) =0 
lim,_,_1- f(z) = 00 lim,_,4+ f(z) =1 
f(2) =2 lim, .-9+ f(x) =0 


lim, _,_3- f(z) =1 


20 2. Introduction to limits (Exercises) 


Solution: Here is a possible answer: 


There are many other ways this graph could been drawn. Other possibilities 
need only indicate the correct values at, and limiting behavior near x = —1, 
0, 1, 2, and 3. 


2.3. Exercises 


Exercise 2.1 Refer to the accompanying figure and determine the following: 


a) lim, .9- g(x) b) limz2 g(x) c) lim, _,9+ g(x) d) limg 5 g(x) 


2.3 Exercises 21 


Exercise 2.2 Determine the one-sided limits of the function f(x) in figure 
below, at the points c = 1,3, 5,6. 


¥ 


Exercise 2.3 Use the graph of the function f(x) to find the following 


a) limy2- f(t) b) Timea fle) oe) limp a+ f(x) dd) f (2) 


22 2. Introduction to limits (Exercises) 
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Calculation of limits (Exercises) 


3.1 Some basic, general facts about limits 


Some basic, general facts about limits are helpful in the calculation of specific 
limits. 


Assume, that lim,., f(z) and lim;_.,_ g(x) each exists. 
Then the following are true: 


1. limga (f(@) + g(@)) = limga f(x) + limg—a g(2) 
2. limgsacf(x) = climzsa f(z) 


3. limra (f(2)9(#)) = (lime sa f(@)) (imr—a g(2)) 


f(z) _ limz—a f(x) 


4. If lim;s¢ g(x 0 then lim, ., —~ = = 
ge) # g(x) lime sa g(x) 


5. If limga f(x) #0 and limz_.2 g(x) = 0 then lim;_., f(z) does not exist 


g(x) 


6. If limysa f(x) = limz—a g(x) = 0 then limz., f(z) 


g(x) 


may or may not 


exist 
While these are stated in terms of the limit as x approaches a, 
they are also true for one-sided limits as x approaches a. 


3.2 Practice Problems 


We have the following limits regarding two specific simple functions 


limy.g¢c=c and lim,.gr=a 


24 3. Calculation of limits (Exercises) 
Example 7 (a typical polynomial) 
lim (22° +3245) = lim 2a°+ lim 3x + lim 5 
w—2 w—2 r2 w—2 
= Qlima?+3lime+ limd 
r—2 w—2 r—2 
3 
= 2(lima) +3 lime + lim5 
r—2 r—2 r2 
= OO) 849555 
= 2%. 


Notice that the result is simply the value of the polynomial at x = 2. In fact, 
this always happens with polynomials, that is, 


If p(x) is a polynomial and a is any real number, then 
limz—a p(x) = p(a). 


Example 8 (A rational function whose dominator does not approach zero). 


Qn -—27+2 limg—.3 (2x? — x + 2) 
im = 
23 0 «gf? +1 lim, —3 ee + 1) 
2(3)? — (3) +2 
Gra 
17 
10° 


Again notice, that the result is simply the value of the function at x = 3. In fact, 
this always happens with rational functions, provided that the denominator 
isn’t zero, 


If p(x) and q(x) are polynomials, and q(a) #0, then 


lim 


Example 9 (A rational function whose dominator approaches zero while its 
numerator does not). 


lim t—.——___ does not exist, 


because lim,.; («? — 1) = 0 while lim, (2a? — «+ 2) =3. 


3.2 Practice Problems 25 


Can we say something about one-sided limits? 


r Qn? —x+2 

im = 

x—1- x —1 

as the nominator is close to 3 near 1, but the denominator ~ 0 and < 0. 


Similarly, 


227-2 +2 _ 


li 
1m 3 =| 


ait 


+00. 


Recall the last of the six facts with which we began: 
f(x) 
g(@) 

It is the situation that is the most interesting and, in fact, is the main 
reason we are discussing limits at all ! 


6. If limye f(x) = lima g(x) = 0 then limg.¢ may or may not exist. 


0 
Computation of limits in this " (3) " case often involves use of the following 


additional fact about limits: 
7. If f(x) = y(a) for all x near but not equal to a, then 
lim f(x) = lim y(z). 
Here, think of y(x) as a "simplified" version of f(x) whose limit as 7 — a is 


easy to determine, such as polynomial or a rational function whose numerator 
and denominator do not both approach 0. 


Example 10 Find 


_ 2-1 
lim 
x1 zx —1 
Solution: 
w—1 — (a—1)(e+2?+1) 
rn Gl) Gl) 
(c +a? +1) 
= ~—— for rfl 
(x + 1) iF 
So, 
_ @-1 .. (+2741) 124141 3 
lim = lim + = ————__= -. 
zl ¢2—1 al (a +1) 1+1 2 


The graph of the function 
in it at (1,3/2). 


wal is presented in Figure 3.1. Notice the "hole" 


26 3. Calculation of limits (Exercises) 


* 


Fig. 3.1. The graph of f(x) = 2 for x close to 1. 


x? + 6a 


x 
z+6 for «40 


= lim (x + 6) = 6. 


is presented in Figure 3.2. Notice the 


c= 2 

2(x — 2) 

— for «#0. 
1 


Dass 
Example 11 Find limz—o Co ee 
x 
Solution: 
(2 +3)? -—9 
= 
So, 
2 
lim (2+3)"=—9 
«2-0 x 
2 
The graph of the function aes! 
x 
"hole" in it at (0,6). 
1/2-1 
Example 12 Find limz.2 eae 
ai 
Solution: 
1/2-1/x 
x—2 a 
Hence, 
im 1/2-—1/2 
“22 v— 
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+" 


x+3)?-9 
x 


Fig. 3.2. The graph of the function in the vicinity of x = 0. 


2 
—x-2 
Example 13 Find lim,_.2 aad 
a—x2-2 — (e—2)(x+1) 
g2—4¢+4 (x — 2)? 
1 
(ee for «#2 
x—2 
Hence 
lim i ie does not exist 
e327? —4r+4 
However, 
i gz? —27—2 
im ————— = —co 
a32- u2—Ar +4 
and 
i g*—x—2 
im ————_ = 
r—Qt x? — 4x + 4 = 
2 
The graph of the function ea i presented in Figure 3.8. It has vertical 
x2 —4a+4 


asymptote at x = 2. 


For the next example, we will need an additional continuity property 


limg+a fe = Ja foralla>0, and lim,_.9+/z% =0. 
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“ 


y 


+" 


Fig. 3.3. The graph of the function 


Example 14 Find lim, eel 


1" 
Solution: 
Jz-1 2 Ven «4/2 +i 
cell e-1 WJe+l 
— a for «#1 
So, 


3.3 Some Trigonometric Limits 


8.8.1 Continuity of sine and cosine 


For all real numbers a, 
lim, _., sinx = sina and lim,_._ COS Z = cosa 


: 2 
F . . sin x + 2cosx + cos* x 
Exercise 3.1 Find lim,_.o 


sin x + cos 2% 
Solution: As 


sin0+cos2-0=140 


3.3 Some Trigonometric Limits 29 


A sinz +2cosz + cos? xz 1s lim,;_.9 (sin x +2cosx + cos? x) 
20 sin x + cos 2x lim,_.o (sin z + cos 22) 
sin 0 + 2cos0 + cos? 0 
sin0 + cos2-0 


= 3 


38.8.2 Tangent 
If a is not an odd multiple of 7/2, then cosa 4 0 and so 


: . sing sina 
lim tanz = lim = = tana. 
ra x—a COS ZX COS @ 


Suppose that a is an odd multiple of 7/2. Then sina 4 0 and cosa = 0 so 
lim,_., tan x does not exist. 
If x = a and x < a, then sinz and cos have the same sign; so tanz > 0. 
Therefore , 
. . sine 
lim tana = lim = co 
wa xa COS X 


If « = a and «x > a, then sina and cosa have opposite sign; so tanx < 0. 


Therefore : 
: . sing 
lim tanzx = lim = —0O. 
wat a—at COS X 


38.8.8  Cotangent 


If a is not a multiple of 7, then sina 4 0 and so 


: . cosx cosa 
lim cot z = lim — =— = cota. 
ra xa SIND sina 


If a is a multiple of 7, then lim,_,, cot x does not exist. 
Note that 
cot x = tan (= =i) = —tan (2 — ~) 4 
2 2 


So, if a is a multiple of 7, then 


‘ 7 as : 

lim cotxz =— lim tan (« — “) =-— lim tanx=-o, 
ra ra 2 a—(a-) 

2 
and similarly 

; : T 2 

lim cotx =— lim tan (« — =) =— lim = tanz=-+oo. 
a—at a—oat 2 


w—(a—4)* 
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y 


1- 
Fig. 3.4. The graoh of f(x) = ee 


8.8.4 Typical Examples 


1—cosz 
Example 15 Find lim,z—9 ———— (see Figure 3.4) 
x 
Solution: 
. l-cosx 1+ cosz _ 1l-cos?az 1 
lim. ————. - —— Ss = Ss Lim —— _ . 
z—0 xv 1+ cosz x—0 x 1+cosz 
_ sin? a 1 
= lim . 
r-0 2 1+cosz 
r sin x sin x 
= i . 
r30 @ 1+cosxz 
. sing ., sin © 
= lim - lim ——— 
z-0 x 2«01+cosz 
0 
= |1--=0. 
2 
- 2 
Example 16 Find limz—o ie) 
Qa? 
Solution: 
i sin?(7x) iim nr sin(7x) sin(rz) 
r30 2x2 z30 2 72 Tx 
n i sin(72) sin(72) 
_ ‘ : 
2250 72 c—0 87x 
2 2 
a es. 1-l= a 


3.4 The Epsilon-Delta Definition of a Limit 


2-3 2 
Example 17 Find lim, .9 cos © + cos c 


sin x 
Solution: 
= 2 = = 
kim 2, aoe + cost eG _ kim (2 os) (1 — cos) 
<0 sin x «0 sin x 
(1 —cos2z) 
= lim (2—cosz) at 
x20 sin & 
it 
= 120/10 
ie 
Example 18 Find lim,_.9 peso) 
x 
Solution: 
ki 1 — cos(3z) lim 1—cos(3z) 1+ cos(3z) 
«0 a «0 a 1+ cos(3z) 
.. 1—cos?(32) 1 
= lim —,— . ——_ 
20 x 1 + cos(3z) 
lim sin(3r) sin(3z) 3-3 
z0 86 x 1+cos(3z) 
9 
ef Aaa 
2 
_ 9 
ane 


3.4 The Epsilon-Delta Definition of a Limit 


Let f be a function that is defined on an open interval containing a 
except possibly a itself, and let Z be a real number. The statement 
limysa f(z) = L 
means that for every ¢ > 0, there exists a 6 > 0, such that 

if O<|x-al<6 then |f(#)-—L|<e. 


Example 19 Let f(x) = |2|/x, show that lim,—.9 f(x) does not exist. 


31 
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Solution: If z > 0 then |z|/z = w/x = 1 and hence, to the right of the 
y-axis, the graph coincides with the line y = 1. If x < 0, then |a| /z = —2/x = 
—1, which means that to the left of the y-axis the graph of f coincides with the 
line y = —1. If it were true that lim,_.9 f(x) = L for sone L, then the preceding 
remarks imply, that —1 < L < 1. If we consider any pair of horizontal lines 
y = L+e, where 1 > € > 0 then there exist points on the graph which are not 
between these lines for some nonzero x in every interval (—6,6) containing 0. 
It follows that the limit does not exist. 


Example 20 For the limit given below, find the largest 6 that works for the 
given € 

lim 22% =8, ¢«=0.1 

r—4 


Solution: The definition tells us that lim, .42x2 = 8 iff for each ¢ > 0, 
there exists a 0 > 0 such that 


if O<|x—4|/<6 then |22—8|<e. 
Note that |22% — 8] = 2|2 —4|. Thus |2x% — 8] < € whenever 2|x% —4| < ¢ or 


|e — 4| < §. From the work shown above, we see that the largest choice of 6 
that works for e > 0 is 6 = ¢/2. 


Exercise 3.2 Give an e—6 proof for the following limit 
lim (82+ 1) = 10 
£3 


Solution: The definition tells us that lim,;3 (3% +1) = 10 iff for each 
€ > 0, there exists a 6 > 0 such that 


if O<|x—3|/ <6 then |(3”2+1)-10| <e. 
Note that 
\(3a + 1) — 10] = [3a — 9| = 3|x — 3]. 


Thus |(3x + 1) — 10] < ¢ whenever 3 |x — 3] < or |x — 3| < €/3. 
Now let ¢ > 0. Choose 6 = ¢/3. 
If 0 < |x —3| <6 then 


|(x + 1) — 10| = [3x - 9| = 3|a-3| <36=3(=) =e. 


By the ¢ — 6 definition of a limit, lim,_.3 (32 + 1) = 10. 
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3.5 Exercises 
Exercise 3.3 Why is it impossible to investigate limz+9./x by means of the 
Epsilon-Delta Definition of a Limit. 


Exercise 3.4 For the limit given below, find the largest 6 that works for the 
given € 


1 4 


Ld 


Answer: 6 = 0.05 


Exercise 3.5 Give an e—6 proof for the following limit 


lim, (6—42z) =—2. 


PS be a 


Exercise 3.6 Give ane —6 proof for the following limit 


lim (2-72) =9. 


x1 
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Continuity (Exercises) 


4.1 Continuous Functions 


Let f be a function whose domain includes an open interval 


centered at x = a. Then f is said to be continuous at a if 


limg—a A ) = f(a) 


Example 21 Let’s f(x) be the function with the graph presented in Figure 
4.1 Then 


e f is continuous everywhere except at x =-—1, 0. and 2. 
e f is not continuous at —1 because lim,,-1 f(x) = 1 while f(—1) = 2. 
e f is not continuous at 0 because limz+.9 f(x) does not exist. 


e f is not continuous at 2 because f(2) is not defined. 


4.1.1 Three types of "simple" discontinuities 


Example 22 Let’s f(x) be the function with the graph presented in Figure 
4.2 Then it has 


e "Jump" discontinuity at x = —1 (one-sided limits exist but are different). 


e "Infinite" discontinuity at x =0 (An infinite one-sided limit). 
e "Removable" discontinuity (the limit exists but does not equal the value 


of function) 


4.1.2 Classical continuous functions 


e Polynomials are continuous everywhere. 
e Rational functions are continuous whenever they are defined. 


e sinz and cos are continuous everywhere. 
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J Sey 


Fig. 4.1. The graph of an exemplary function f(z) 


3 Sey) 


+ 


Fig. 4.2. Three types of "simple" discontinuities 


4.1 Continuous Functions 37 
e tanz, cot x, secx, and csc x are continuous whenever they are defined. 


Example 23 The rational function 


_ (¢-1)2@2+1) 
ia) = x(x — 1) 


feo — 


*” 


has only two discontinuity points at 
1. x =0 ("Infinite" discontinuity). 
2. x£=1 ("Removable" discontinuity). 


Example 24 The function f(x) = sin(/x) is continuous everywhere except 
at x = 0. It is a prototype of a function which is not continuous due to os- 
cillation. We can approach x = 0 in ways that f(tp,) = 1 and such that 
f(én) = —-1. Just chose tp, = 2/(4k +1) or zn = 2/(4k — 1). 
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4.1.8 Several properties of continuous functions 
Directly from the properties of the limits it follows that 
If f and g are both continuous at a, then 
1. f+g and f —g are continuous at a, 
2. cf is continuous at a, 
3. fg is continuous at a, 
4. if g(a) £0, then f/g is continuous at a. 
Compositions 


5. if g is continuous at a and f is continuous at f(a) then f og is continuous 
at a. 


Example 25 Let 
(Oj2.— = 
7 (x —1)(x — sin)" 


At what values of x is f not continuous? Of what type is each of its disconti- 
nuities? 


ey) 


Solution: First observe, that 327, 2? — 1, and (a — 1)(a — sin) are each 
continuous everywhere, since they involve only polynomials and sine. There- 
fore, f is continuous whenever (x—1)(#—sin x) 4 0, that is, everywhere except 
at c =land x =0. 

To determine the type of discontinuity at x = 1, we will examine lim,_,; f(z) 

a —1 t+ 


= = 2 
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So, the limit exists: 


141 
li =3-1+——_ # 15.616. 
pe) ©) 
Therefore, the discontinuity at x = 1 is removable, corresponding to a "hole" 
in the graph of f. 
To determine the type of discontinuity at x = 0, we first notice that 


lim f(z) does not exist, 
MS Ym 
and in fact 


li =-— d ili =o. 
Jim f(@)=-90 and lim, f(x) = 00 


Therefore, f has an infinite discontinuity at x = 0, corresponding to a vertical 
asymptote. 


Example 26 Find numbers a and b such that the following function is con- 
tinuous everywhere 


ax af a<l 
f(z)=¢ 2*+a-—b if -1l<2<1 
bx af l<z 


Solution: Since the "parts" of f are polynomials, we only need to choose 
a and 6 so that f is continuous at « = —1 and 1. we have 


lim f(x) = lim. f(x) = f(-1) 


2-17 a—>—1t 


lim ax= lim 2? +a—6= f(-l) 


x——1- xr——1 
-—a=1+a-—b 
—2a+b=1 


and 


li = li =f(l1 
jim f(z) = Jim, f(z) = F) 
lim z?+a—b= lim, bax 


x1 °— 


l+a-—b=b 
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Fig. 4.3. Continuous function from Example 26 


a—2b=-1. 


Solving the system of two linear equations 


—2a+b = 1 
a-—2b = -1 
which is equivalent to 
—3b = -1l 
a— 2 = -l 
we get i ‘ 
=-e b => —, 
ar 3 
(see Figure 4.3) 
Example 27 (Composition) Let 
—1 if «<0 
x 
f(z) = Jz] = 
1 if «>0 


If we compose f with sina the result 


sin x 
x) = —— 
f(@) |sin «| 
will be continuous, whenever sina 4 0, i.e. except multipliers of 7. At multi- 
pliers of 7, it is undefined and has a jump discontinuity (see Figure 4.4). 
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fix) 


+” 


Fig. 4.4. Function f(x) = mee. 


4.1.4 One sided continuity 


If the domain of f includes an interval whose right endpoint is a, then f is left 
continuous at a if 


lim f(a) = f(a). 


ra 


If the domain of f includes an interval whose left endpoint is a, then f is right 
continuous at a if 


lim, f(x) = f(a). 


a—at 


Function f(a) is continuous at a if and only if f is both left continuous and 
right continuous at a. 


Example 28 
lim JVz=VJVa forall a>O, 


wa 


and 


lim /z =0. 


z—0T 


So square root function is continuous at every positive number and right con- 
tenuous at 0. 
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S(x)=V¥ 


” 


4.1.5 Continuity on an interval 
Let J be an interval i.e., a set of one of the following forms 
(a,b), [a,b], [a,b), (a,b], (a,c0), (—0co,b), (—co,b], or (co, 00). 


A function f whose domain includes J is said to be continuous on J, if for 
every number c in I 


e f is continuous at c if c is not an endpoint of I. 
e f is right continuous at c if c is a left endpoint of J. 
e f is left continuous at c if c is a right endpoint of J. 


If the domain of f is an interval, and if f is continuous on that interval, 
then we may simply say that f is a continuous function. 


Example 29 a) f(x) = + is continuous on (0,00) and on (—00,0). 


b) f(x) = Vz is continuous on {0, 00). 
c) f(x) = V1—2? is continuous on [-1,1). 


4.2 Exercises 


Exercise 4.1 Let 
2¢a+1 if a<l 
f(z) = 


e—1 ff x >. 


4,2 Exercises 43 


Fig. 4.5. Function f(x) = V1 - 2?. 


Is f continuous at x = 1? If not, what type of discontinuity does f have at 
x=1? 

Answer: The function f is discontinuous at x = 1, and has jump disconti- 
nuity there. 


Exercise 4.2 Let 
2¢+1 if a<l 


fa 0 if G1 
ge +2 af a> 1. 
Is f continuous at x = 1? If not, what type of discontinuity does f have at 
x=1? 
Answer: The function f is discontinuous at x =1, and has removable dis- 
continuity there. 


Exercise 4.3 Let 
2a+1 if a<l 


fa= 0 y z2#=1 


Is f continuous at x = 1? If not, what type of discontinuity does f have at 
x=1? 


Answer: The function f is discontinuous at x = 1, and has infinite discon- 
tinuity there. 


Exercise 4.4 Let 
A2x? if w<2 


f(z) = 
(l-A)x if w>2. 


For what values of A is f continuous at x = 2? 
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Answer: A=1/2 or A=-—1. 

Exercise 4.5 Let 

Vz—5 

If possible define f at x =5 so that f is continuous at x = 5. 
Answer: f(5) =0. 


Exercise 4.6 The graph of the function f is shown in the figure below. De- 
termine the intervals on which f is continuous. 


(2, -8) 


Answer: (—2,-1], (1,1), [1,2] 


Exercise 4.7 Let 
“+1 if «<i 


of e> 1, 


xz—1 
Determine the intervals on which f is continuous. 
Answer: (—oo,1), (1,00) 
Exercise 4.8 Let 


—2 if w<-l 
f(x) = le). fF =e 
— if g>1. 


a—1 
Determine the intervals on which f is continuous. 


Answer: (—oo,1], (1,00). 


4,2 Exercises 
Exercise 4.9 Let 


—2 if 2«x<-l 
f(x) = ljz| af -l<a¢<1 
a af ed, 


xz—1 
a) Sketch the graph of f. 


b) At which points is f discontinuous? 


45 


c) For each point of discontinuity found in b) determine whether f is contin- 


uous from the right, from the left, or neither. 


d) Classify each discontinuity found in b) as being a removable discontinuity, 


jump discontinuity, or an infinite discontinuity. 


Exercise 4.10 On which intervals is the following function continuous? 
e 
st 
al 


1 


115 
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Benefits of Continuity (Exercises) 


5.1 The Intermediate Value Theorem 


Theorem 30 (The Intermediate Value Theorem) Suppose f(x) is con- 
tinuous on the interval [a,b] and let yo be a number between f(a) and f(b). 
Then there exists a number c in (a,b) such that f(c) = yo. 


a C b * 


Example 31 Use the Intermediate Value Theorem to show that there is a 
solution of the given equation in the indicated interval 


e —I*=¢7=—3=0, [2.3] 


Solution: 

Scratch Work: 

To show that the equation «° — 27*—«—3 = 0 has a solution on the interval 
[2.3], follow the steps below: 


1. Let f(a) = 2° — 2a4 — x — 3. Observe, that f is continuous on [2.3]. 


2. Find f(2) and f(3) to see that f(2)- f(3) < 0 (opposite signs) 
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* 
sopyY 


Fig. 5.1. The equation 2° — 2”+ — a — 3 = 0, has a solution in [2.3] 
3. Note that K =0 is the number between f(2) and f(3). 


4. f is continuous on [2,3] and 0 is a number between f(2) and f(3). So, 
use the Intermediate Value Theorem to conclude that there is at least 
one number c in the interval (2,3) such that f(c) = 0. 


Let f(x) = 2° —2x+—2x—3. Since f is a polynomial function, it is continuous 
on the closed interval [2,3]. Now, f(2) = —5 and f(3) = 7. Thus f(2) <0< 
f(3). Hence , K = 0 is a number between f(2) and f(3). By the Intermediate 
Value Theorem, there is at least one number c in the interval (2,3) such that 
f(c) =0. Therefore, the equation «° — 274 — 2 — 3 = 0, has a solution in the 
interval [2.3] (see Figure 5.1). 


Example 32 Let 
f(x) =a* — 327 + 62 


show that there is a number c such that f(c) = 1. 


Solution: Let f(x) = x*—3x?+6z. Since f is a polynomial function, it is 
continuous on the closed interval [—3, —2]. Now, f(—3) = 36 and f(—2) = —8. 
Thus, f(—2) < 1 < f(—3). Hence, K = 1 is a number between f(—3) and 
f(—2). By the Intermediate Value Theorem, there is at least one number 
c in the interval (—3, —2) such that f(c) = 1. (see Figure 5.2) 


Example 33 Solve the given inequality for x 


x? — 3a 


<0: 
x+1 
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30} 


f(x) = x!-3x2+6x 


ed | 
Fig. 5.2. The graph of the function f(x) = x* — 32? + 6a. 


Solution: Let 


xv? — 3a 
R(x) = =a ee 
Since ' 3) 
a(x — 
R(x) = eee? 


we see that R(a) = 0 for = 0 and x = 3. Also, R(x) is not defined at x = —1. 
The numbers —1,0 and 3 partition the real line into 4 subintervals 


(—oo,-1), (1,0), (0,3), and (3,00). 


The rational function R(x) = aa) is continuous and nonzero on each of these 


intervals. Therefore, either R(x) < 0 or R(x) > 0 on each of the subintervals. 
To determine the sign of R(x) on each interval, choose a number a in each 
subinterval and evaluate R(q). 


e Choose a = —2 on the subinterval (—oo, —1), 


so R(«) < 0 on the subinterval (—oo, —1). 


e Choose a = —4 on the subinterval (—1,0), 
1 7 
R(-5) >’ 


so R(x) > 0 on the subinterval (—1,0). 
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e Choose a = 1 on the subinterval (0,3), 

R(1) =-1, 
so R(x) < 0 on the subinterval (0, 3). 

e Choose a = 4 on the subinterval (3, co), 

4 

R(4 =. 

(4) = 5, 


so R(x) > 0 on the subinterval (3,00). Therefore, the solution set of the 
inequality “32 < 0 is (oo, -1) U (0,3). 


O 


Example 34 At8:00 A.M. on Saturday a man begins running up the side of 
a mountain to his weekend campsite (see figure). On Sunday morning at 8 : 00 
A.M. he runs back down the mountain. It takes him 20 minutes to run up, but 
only 10 minutes to run down. At some point on the way down, he realizes that 
he passed the same place at exactly the same time on Saturday. Prove that he 
is correct. 
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Solution: HINT: Let s(t) and r(t) be the position functions for the runs 
up and down, and apply the Intermediate Value Theorem to the function 


f@ = st) — rr). 


Example 35 Verify that the function f(x) =a" —a23+a°+527+sin(x) has 
a root. 


Solution: The function goes to +oo for z — oo and to —oo for x > —co. 
We have for example f(10000) > 0 and f(—1000000) < 0. The intermediate 
value theorem assures there is a point c where f(c) = 0. 


Example 36 There is a point on the earth, where temperature and pressure 
agrees with the temperature and pressure on the antipode. 


Solution: Lets draw a meridian through the north and south pole and 
let f(x) be the temperature on that circle. Define g(x) = f(x) — f(a +7). If 
this function is zero on the north pole, we have found our point. If not, g(x) 
has different signs on the north and south pole. There exists therefore an z, 
here the temperature is the same. Now, for every meridian, we have a latitude 
value I(x) for which the temperature works. Now define h(x) = I(x) —I(a+7). 
This function is continuous. Start with meridian 0. If h(0) = 0 we have found 
our point. If not, then h(0) and h(z) take different signs. By the intermediate 
value theorem again, we have a root of h. At this point both temperature and 
pressure are the same than on the antipode. Remark: this argument in the 
second part is not yet complete. Do you see where the problem is? 
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* 
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Fig. 5.3. Function f(x) which is continuous on (—7/2,7/2) but has no minimum 
value, and has no maximum value. 


5.2 Boundedness; ‘The Extreme Value ‘Theorem 


Theorem 37 (The Extreme Value Theorem) Suppose that f is contin- 
uous on a closed bounded interval [a,b]. Then there exist numbers c and d in 
[a, b] such that 


f(c) < f(x) < f(x) for all x in |a, 6). 


Example 38 Give an example of a function f which is continuous on an open 
interval (a,b), but it has no minimum value and it has no maximum value 


Solution: See Figure 5.3 


Example 39 Give an example of a function f which is defined but not con- 
tinuous on an closed interval [a,b], but it has no minimum value. 


Solution: Figure 5.4 presents such a function. 


5.3 Exercises 


Exercise 5.1 Given that f and g are continuous on [a,b] such that f(a) > 
g(a) and f(b) < g(b), prove that there is a number c in (a,b) such that f(a) = 


(6). 
Exercise 5.2 Prove that the equation 


x2 +1 tet 
r+3 a—A 


0 
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“< 


+“ 


Fig. 5.4. This function has no minimum value on (0, 2]. 


has a solution in the interval (—3, 4). 
Exercise 5.3 Show, that there is a solution to the equation x* = 10. 
Exercise 5.4 Does the function f(x) = x«+In|In|2|| have a root somewhere? 


Exercise 5.5 Prove that on an arbitrary floor, a square table can be turned 
so that it does not wobble any more. 


Exercise 5.6 Sketch the graph of a function f that is defined on the interval 
[1,2] and meets the given conditions (if possible). 


a) f is continuous on [1,2], 
b) The maximum value of f on [1,2] és 3, 


c) The maximum value of f on [1,2] is 1. 
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Exercise 5.7 Sketch the graph of a function f that is defined on the interval 
[1,2] and meets the given conditions (if possible). 


a) f is continuous on (1,2), 
b) The function takes only three distinct values. 


Exercise 5.8 Sketch the graph of a function f that is defined on the interval 
[1,2] and meets the given conditions (if possible). 


a) f is continuous on (1,2), 
b) the range of f is an unbounded interval 


Exercise 5.9 Sketch the graph of a function f that is defined on the interval 
[1,2] and meets the given conditions (if possible). 


a) f is continuous on {1, 2], 


b) the range of f is an unbounded interval. 
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How to solve differentiation problems 
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8 
The derivative and graphs (Exercises) 


Differential calculus provides tests for locating the key features of graphs. 


8.1 Practice Problems 


8.1.1 Continuity and the Intermediate Value Theorem 


If a continuous function on a closed interval has opposite signs at the end- 
points, it must be zero at some interior point. 


Example 40 Show that the function f(x) = (a — 1)/3a? is continuous at 
«ro = 4, 


Solution: This is a rational function whose denominator does not vanish 
at x9 = 4, so it is continuous by the rational function rule. 


Example 41 Let g(x) be the step function defined by 


0 if «<0 


g(x) = 
1 if «>0 


Show that g is not continuous at x9 = 0. Sketch. 


Solution: The graph of g is shown in Fig. 8.1. Since g approaches (in fact, 
equals) 0 as « approaches 0 from the left, but approaches 1 as 2 approaches 
0 from the right, lim,.9 g(x) does not exist. Therefore, g is not continuous at 
ro = 0. 

We proved the following theorem: f is differentiable at xo, then f is con- 
tinuous at xg. Using our knowledge of differential calculus, we can use this 
relationship to establish the continuity of additional functions or to confirm 
the continuity of functions originally determined using the laws of limits. 


Example 42 


a) Show that f(x) = 3x?/(x? — 2) is continuous at x9 = 1. Where else is it 
continuous ? 
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y= a(x) 


+” 


Fig. 8.1. This step function is discontinuous at x9 = 0. 


b) Show that f(x) = Vx? + 2x +1 is continuous at x = 0. 
Solution: 


a) By our rules for differentiation, we see that this function is differentiable 
at 29 = 1; indeed, x? — 2 does not vanish at x9 = 1. Thus f is also 
continuous at 2 = 1. Similarly, f is continuous at each x, such that 
xo? —2£0, ie. at each « £ V2. 


b) This function is the composition of the square root function h(u) = /u 
and the function g(x) = 27 +22 +1; f(x) = h(g(x)). Note that g(0) = 
1 > 0. Since g is differentiable at any x (being a polynomial), and h is 
differentiable at u = 1, f is differentiable at x = 0 by the chain rule. 
Thus f is continuous at x = 0. 


A continuous function is one whose graph never "jumps." The definition of 
continuity is local since continuity at each point involves values of the function 
only near that point. There is a corresponding global statement, called the 
Intermediate Value Theorem, which involves the behavior of a function over 
an entire interval [a, }]. 


Example 43 Show that there is a number x, such that x3 — xo = 3. 


Solution: Let f(x) = 2° —«a. Then f(0) =0 and f(2) = 30. Since 0 <3 < 
30, the intermediate value theorem guarantees that there is a number 2p, in 
(0,2) such that f(xo) = 3. (The function f is continuous on [0,2] because it 
is a polynomial.) 

Notice that the intermediate value theorem does not tell us how to find the 
number 29, but merely that it exists. (In fact there may be more than one 
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possible choice for xo.) Nevertheless, by repeatedly dividing an interval into 
two or more parts and evaluating f(x) at the dividing points, we can solve 
the equation f(z 9) = c as accurately as we wish. This method of bisection is 
illustrated in the next example. 


Example 44 (The method of bisection) Find a solution of the equation 
x —x = 3 in (0,2) to within an accuracy of 0.1 by repeatedly dividing intervals 
in half and testing each half for a root. 


Solution: In Example 43 we saw that the equation has a solution in 
the interval (0,2). To locate the solution more precisely, we evaluate f(1) = 
1°—1=0. Thus f(1) < 3 < f(2), so there is a root in (1,2). Now we bisect 
(1, 2] into [1, 1.5] and [1.5, 2] and repeat: f(1.5) = 6.09 > 3. so there is a root in 
(1, 1.5); f(1.25) = 1.80 < 3, so there is a root in (1.25, 1.5); £(1.375)= 3.54 > 3, 
so there is a root in (1.25, 1.375); thus xp = 1.3 is within 0.1 of a root. Further 
accuracy can be obtained by means of further bisections. 


8.1.2 Increasing and and Decreasing Functions 


The sign of the derivative indicates whether a function is increasing or de- 
creasing. 


Example 45 Show that f(x) = x? is increasing at xo = 2. 


Solution: Choose (a,b) to be, say, (1,3). If 1 < # < 2, we have f(x) = 
z<4= a2. 1f2 <2 < 3, then f(z) = 2? > 4 = 22. We have verified 
conditions of the definition, so f is increasing at rg = 2. 


Example 46 

a) Is x — x — 2x? increasing or decreasing at —2? 

b) Is g(s) = Vs? — 8 increasing or decreasing at s = 2? 
Solution: 


a) Letting f(x) = 7° —x3 —22?, we have f’(x) = 5a4—3x?—4z, and f’(—2) = 
5(—2), —3(—2)2 — 4(—2) = 80 — 12 +8 = 76, which is positive. Thus 
g° — £3 — 2x? is increasing at —2. 


b) By the chain rule, g'(s) = $3 so g/(2) = 2/2 > 0. Thus g is increasing 
at s = 2. 


Example 47 Let f(x) = 2>—a2?+2+4+3. How does f change sign at x = —1? 
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Solution: Notice that f(—1) = 0. Also, f’(—1) = 3(—1)2—2(-1)+1=6> 
0, so f is increasing at « = —1. Thus f changes sign from negative to positive. 


Example 48 On what intervals is f(x) = 23—2x+6 increasing or decreasing? 


Solution: We consider the derivative f'(2) = 3a? — 2. This is positive 
when 3x? — 2 > 0, i.e., when 2? > 2/3, ie., either x > 2/3 or“ < —,/2/3. 
Similarly, f’(x) < 0 when x? < 2/3, ie., —\/2/3 < x < ,/2/3. Thus, f is 
increasing on the intervals (—o0, —\/2/3) and (./2/3, 00) , and f is decreasing 


on (-/2/3, 2/3). 


Example 49 Match each of the functions in the left-hand column of Fig. 8.2 
with its derivative in the right-hand column. 


Solution: Function (1) is decreasing for « < 0 and increasing for x > 0. 
The only functions in the right-hand column which are negative for x < 0 
and positive for x > 0 are (a) and (c). We notice, further, that the derivative 
of function lis not constant for x < 0 (the slope of the tangent is constantly 
changing), which eliminates (a). Similar reasoning leads to the rest of the 
answers, which are: (1) — (c), (2) — (0), (3) — (e), (4) — (a), (5) — (d). 


Exercise 8.1 Find the critical points of the function f(x) = 324-823 +6x? — 
1. Are they local maximum or minimum points? 


Solution: We begin by finding the critical points: 
f' (v) = 122" = 2427 + 109 = 122(2? — 22 + 1) = 122(a = 1)?; 


the critical points are thus 0 and 1. Since (2 — 1)? is always nonnegative, the 
only sign change is from negative to positive at 0. Thus 0 is a local minimum 
point, and f is increasing at 1 (see Fig. 8.3). 


8.1.3 The Second Derivative and Concavity 


The sign of the second derivative indicates which way the graph of a function 
is bending. 


Example 50 Find the intervals on which f(x) = 3a° — 8x + 12 is concave 
upward and on which it is concave downward. Make a rough sketch of the 
graph. 


Solution: Differentiating f, we get f’(2) = 9x?—8, f”(x) = 18a. Thus f is 
concave upward when 18z > 0 (that is, when x > 0 ) and concave downward 


8.1 Practice Problems 


@) 


(5) 


Fig. 8.2. Matching functions and their derivatives. 


Fig. 8.3. The graph of f(x) = 324 — 823 + 62? — 1. 
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ty 


concave downward concave upward 


© 
® 


Fig. 8.4. The critical points and concavity of f(x) = 3x3 — 8x + 12. 


when x < 0. The critical points occur when f’(x) = 0, ie., at ¢ = +,/8/9=+ 
2/2. Since f"(-3v2) <0, —2/2is a local maximum, and since f” (3v2) >0 
; 3 2 is a local minimum. Additionaly x = 0 is an inflection point for f, as 


f”(0) = 0. This information is sketched in Fig. 8.4 


Example 51 Find the inflection points of the function f(x) = 24a* — 322° + 
9a? +1. 


Solution: We have f’(x) = 96x? — 96x? + 182, so f""(x) = 288x? — 1922 + 
18., Solution is: pvi + $5 _ pv. To find inflection points, we begin by 
solving f(a) = 0; the quadratic formula gives 7 = (3 + a 7) Using our 
knowledge of parabolas, we can conclude that f” changes from positive to 
negative at (3 — 5 7) and from negative to positive at (3 + 4 i thus 


both are inflection points. 


8.2 Exercises. 


Exercise 8.2 Suppose that f is continuous on [0,3], that f has no roots on 
the interval, and that f(0) =1. Prove that f(x) > 0 for all x in [0,3]. 


Exercise 8.3 Where is f(x) = 9x? — 3a/V x4 — 2x2 — 8 continuous? 
Exercise 8.4 Show that the equation —s° + s*? = 2s — 6 has a real solution. 


Exercise 8.5 Prove that f(x) = «° + 3x4 —1 has at least two distinct (real) 
zeros. 
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Fig. 8.5. Sketch functions that have these derivatives.. 


Exercise 8.6 Find all points in which f(x) = x? — 3x + 2 is increasing, and 
at which it changes sign. 


Exercise 8.7 Find a quadratic polynomial which is zero at x = 1, is decreas- 
ing if x <2, and is increasing if x > 2. 


Exercise 8.8 Sketch functions whose derivatives are shown in Fig. 8.5. 


Exercise 8.9 Find the inflection points for the following functions: 
a) f(t) =2° —2, 
b) f(z) =2%, 


c) f(e) = («— 1) 
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Exercise 8.10 Match the graphs of the functions f(x) ina)—h) with f"(«) 
inl) — 8). 
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Exercise 8.11 Match the following functions a) —h) with their second deriv- 


=a 
aaa 
PE 

PA rt 


8) 
6) 7) 8) 


= 


= 


e 


1 2) 3) 4) 
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Exercise 8.12 Match the functions (a-d) (top row) with their derivatives (1- 
4) (middle row) and second derivatives (A-D) (last row). 


i¥] 
= 


a 
ma 


9 


Implicit differentiation 
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10 
Sketching graphs (Exercises) 


Using calculus to determine the principal features of a graph often produces 
better results than simple plotting. 


Graphing procedure: 
To sketch the graph of a function f : 


1. Note any symmetries of f. Is f(x) = f(—x), or f(x) = —f(—a), or 
neither? In the first case, f is called even; in the second case, f is called 
odd. If f is even that is, f(x) = f(—x) we may plot the graph for x > 0 
and then reflect the result across they axis to obtain the graph for x < 0. 
If f is odd, that is, f(z) = —f(—x) then, having plotted f for x > 0, we 
may reflect the graph in the y axis and then in the x axis to obtain the 
graph for x < 0. 


2. Locate any points where f is not defined and determine the behavior of 
f near these points. Also determine, if you can, the behavior of f(x) for 
x very large positive and negative. 


3. Locate the local maxima and minima of f, and determine the intervals 
on which f is increasing and decreasing. 


4. Locate the inflection points of f, and determine the intervals on which 
f is concave upward and downward. 


5. Plot a few other key points, such as x and y intercepts, and draw a small 
piece of the tangent line to the graph at each of the points you have 
plotted. (To do this, you must evaluate f(x) at each point.) 


6. Fill in the graph consistent with the information gathered in steps 1 
through 5. 
10.1 Practice Problems 


Example 52 Sketch the graph of f(x) = or 
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Solution: We carry out the six-step procedure: 


il 


f(-2) = -2/ (1+ (-2)?) = -2/ (1+ (2)?) = —f(2); f is odd, so its 


graph must by symmetric when reflected in the x and y axes. 


. Since the denominator 1+? is never zero, the function is defined every- 


where; there are no vertical asymptotes. For 7 4 0, we have 


f(x) 


x 1 


= = ; 
1+2 yee 
x 


Since [/a becomes small as « becomes large, f(x) looks like 1/(a +0) = 
I/x for x large. Thus y = 0 is a horizontal asymptote; the graph is below 
y = 0 for x large and negative and above y = 0 for x large and positive. 


/ 1 x" (1 = a”) 
ING) = eg ee Re ee 
r+ (2-1) (x? + 1) 
which vanishes when x = +1 . To check the sign of f’(a) on (—oo, —1), 


(—1, 1), and (1, 00), we evaluate it at conveniently chosen points: f’(—2) = 
—3/25, f'(0)=1, f’(2) = —3/25. Thus f is decreasing on (—oo, —1) 
and on (1,00) and f is increasing on (—1,1). Hence —1 is a local mini- 
mum and 1 is a local maximum by the first derivative test. 


" z x 2 

bi (x) (x? ee 1)3 wee aa 1)? wee fe 1% (2 3) 

This is zero when x = 0, /3, and —V/3. Since the denominator of f” is 
positive, we can determine the sign by evaluating the numerator. Evalu- 
ating at —2, —1, 1, and 2, we get —4, 4, —4, and 4, so f is concave down- 
ward on (—00, —/3) and (0, V3) and concave upward on (—V3, 0)and 
(/3, 00); —/3, 0, and V3 are points of inflection. 


. The only solution of f(z) =0 is x = 0. 


fO)=0 fi(0)=1 
f=2  fra)y=0 
f(v3)=4V3— f'(V3) = -§ 
The information obtained in steps 1 through 5 is placed tentatively on 


the graph in Fig. 10.1. As we said in step 1, we need do this only for 
r>0. 
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0.5 — 4 


‘ 
Increacing Decreasing Decreasing 


Concave down Concave down Concave up 


-0.5 


Fig. 10.1. The graph of f(x) = i 7 after steps 1 to 5. 


ye? 


6. We draw the final graph, remembering to obtain the left-hand side by 
reflecting the right-hand side in both axes. The result is shown in Fig. 
10.2. 


Example 53 Sketch the graph of 
f(a) = (w@+1)8 2. 


Solution: We have 


Vo+l 3 Wae+l 


For x near —1, but x > —1, f’(z) is large positive, while for x < —1, f(z) is 
large negative. Since f is continuous at —1, this is a local minimum and a cusp. 
The other critical points are x = 0 and x = —3/4. From the first derivative 
test (or second derivative test, if you prefer), —3 is a local maximum and zero 
is a local minimum. For x > 0, f is increasing since f’(x) > 0; for x < —1, f is 
decreasing since f’(x) < 0. Thus we can sketch the graph as in Fig. 10.3. (We 
located the inflection points at = —0.208 and —1.442 by setting the second 
derivative equal to zero.) 


2 
3 


+ 22 (2+ 1) 


fa) =5 
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Fig. 10.2. The complete graph of f(x) = Tae 


y = f{x) 


Od 


Fig. 10.3. The graph of f(x) = (a+ 1)3 x has acusp at r =—1. 


10.2 Exercises 
10.2. Exercises 


Exercise 10.1 Sketch the graph of the function 
1 1 
5 Gaae 
Indicate the asymptotes, local extrema, and points of inflection. 
Exercise 10.2 Sketch the graph of the function 


3. 6C«4 


Indicate the asymptotes, local extrema, and points of inflection. 


Exercise 10.3 Sketch the graph of the function 


1 


aa oor 


Indicate the asymptotes, local extrema, and points of inflect. 
Exercise 10.4 Sketch the graph y = x/(1— 2x) by 


a) the six-step procedure and 


b) by making the transformation u = 1 — «2. 


Exercise 10.5 Sketch the graphs of the following functions: 


a? +1 
a) PO) = 4) 
go 
b) PO oa 
gz +1 
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Optimization and linearization (Exercises) 


11.1 Practice Problems 


Example 54 A rectangle is inscribed in the region in the first quadrant bounded 
by the coordinate axes and the parabola y = 1—27?. Find the dimensions of the 
rectangle that maximizes its area. 


Height = y 


+ 


02 04 0.6 08 1 12 14 


width =x 


Solution: We have 


A=xa2(1-2’) for O<a<l. 


1 1 1 y) 
—lSyeolieo | Saige 
a 3) 5(1 3) 5V¥3 0.3849 
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y 


width= V3 


height= 


Optimal dimensions: 


wlre 


Example 55 Find the point on the graph of y = x > 0, that ts closest 


1 
. . ne : 
to the origin. 


y 


minimize the distance 


Solution: Distance from the origin is given by 


Vu? + (1/x?)? = f/x? + 1/c4. 


Squared distance 
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fi(a)=0 at c= V2 1.1225. 


20 


f Gy= wo t2>0. 
Minimum value of f : f(¥2) = 37/2 


Minimum distance: \/ (V2) = /3V2= 1.3747 


1 
Closest point on the curve: { 2, —= 
: ( ep 


Example 56 A juice can (in the shape of a right circular cylinder) is to have 
a volume of 1 liter (1000 cm). Find the height and radius that minimize the 


surface area of the can- and thus the amount of material used in its construc- 
tion. 


Solution: We have 


1 
A = 2nr* + 2nr es 
Tr 
1000 
Alf) =2 (=? + ) ; 0<r<oo (domain). 
r 


4 
A'(r) =0 at r= 74 a 54/— (critical number). 
T T 
sil 
A" (r ) =4r + —— > 0. 
400 
Minimum area: A(5¢/4) = — + 50n ¢/2 = 553.58 cm?. 


in 


Optimal dimensions: r= 59/4 = 5.4193 


1000 
25 (4/7)2/3 


= 2r = 10.839. 
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O 


Example 57 An open box is to be made from a rectangular piece of cardboard 
that is 8 feet by3 feet by cutting out four equal squares from the corners and 
then folding up the flaps. What length of the side of a square will yield the box 
with the largest volume? 


w 


Solution: Let x be the side of the square that is removed from each corner. 
The volume V = lwh, where |, w, and h are the length, width, and height of 
the box. Now | = 8 — 2a, w = 3 — 2a, and h= 2, giving 


V(x) = (8 — 2a) (3 — 22) a = (4x? — 229 + 24)x = 4x3 — 22a + 242. 
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The width w must be positive. Hence, 3 — 22 > 0 or 3 > 2% or 3 > x. 
Furthermore, x > 0. But we also can admit the values x = 0 and x = 3, which 
make V = 0 and which, therefore, cannot yield the maximum volume. Thus, 
we have to maximize V(z) on the interval [0, 3]. Since 


V' (x) = 120? — 44a + 24 
the critical numbers are the solutions of 


127? — 447 + 24 = 0. 


Solutions are: 3, 3. The only critical number in (0, 3) is 3. Hence, the volume 
is greatest when x = 3. 

The only critical number in (0,j) is 3. Hence, the volume is greatest when x 
= 3. 


11.2 Exercises 


Exercise 11.1 An aquarium is to be built to hold 20 cubic feet of water. If 
two ends of the aquarium are square and there is no top, find the dimensions 
that minimize the surface area—and thus the amount of glass used in its con- 
struction. 


Exercise 11.2 A rectangle is constructed in the first quadrant, as shown be- 
low, with one corner at (1,0), and its opposite corner on the graph of y = 1/z. 
Find the rectangle with largest area, or, show that there is no rectangle with 
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largest area. 


+” 


Exercise 11.3 Suppose you can drag the blue vertex P of the triangle to create 
various isosceles triangles circumscribing the circle. Which isosceles triangle 
has minimum area? Which isosceles triangle has minimum perimeter? 


Exercise 11.4 A rectangle is constructed in the first quadrant, as shown be- 
low, with one corner at the origin, and its opposite corner on the graph of 
y = (In(z))/2?. Find the rectangle with largest area, or, show that there is no 
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rectangle with largest area. Note the scale on the axes. 


y 


0.15 


O01 


0.05 


+“ 


Exercise 11.5 A rectangle is inscribed between the x-axis and a downward- 
opening parabola, as shown above. The parabola is described by the equation 
y = —ax? +b where both a and b are positive. 


e Leta=1andb=7. What value of x maximizes the area of the rectangle? 


e Leta=1andb=7. What value of x maximizes the perimeter of the 
rectangle? 


e Repeat the above two problems for a and b in general. 


Note: x is the distance from the origin to the lower-right corner of the 
rectangle; x is not the length of the base of the rectangle! 


Exercise 11.6 A farmer has exactly 1200 feet of fencing and needs to cre- 
ate a rectangular enclosure with three pens, as shown below. What should the 
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dimensions of the enclosure be, to create the maximum area? 


Exercise 11.7 Find the dimensions of the cone with minimum volume that 
can contain a sphere with radius R. 


11.3 Review exercises: Chapter 11 


Exercise 11.8 Suppose a simple circuit contains two resistors with resis- 
tances Ry and Rg in ohms. The resistors are wired in parallel, which implies 
that the total resistance of the circuit is given by 


1 
Rtotal = Tee os L.. 
Ri ' Re 


In problems a) through c), find the minimum total resistance of the circuit given 
the constraint. Note that in problems like this the domain of the function is 
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implied by the physical reality of the situation. Specifically, Ry > 0 and Rz > 0 
is implied if not explicitly stated. A constraint is used to eliminate either Ry, 
or Ry from the problem, leaving you with a function of a single variable. 


a) The sum of the resistances of the two resistors is 30 ohms. 
b) The sum of the resistances of the two resistors is Q ohms, Q > 0. 


c) The resistance of one resistor is twice the resistance of the second resistor. 


Exercise 11.9 More generally, a parallel circuit consisting of n resistors has 


total resistance ; 


eka a4 
Rr + Re Sein Re 

where Rx is the resistance of the kth resistor. Suppose that the sum of the 
resistances in three resistors is 120 ohms and that the resistance of one of the 
resistors is twice the resistance of one of the others. Calculate the minimum 
total resistance in the circuit. 


Exercise 11.10 Suppose we want to build a rectangular storage container 
with a volume of 12 cubic meters. Assume that the cost of materials for the 
base is $12 per square meter, and the cost of materials for the sides is $8 per 
square meter. The height of the box is three times the width of the base. What’s 
the least amount of money we can spend to build such a container? 


Exercise 11.11 Suppose you wish to construct a right, circular, cylindrical 
cup (without a top) that will hold 1000 cubic centimeters of liquid. What di- 
mensions should the cup have in order to minimize the total amount of material 
used to construct the cup? Assume that the cup is arbitrarily thin, so that it 
is the surface area that we wish to minimize. 


Exercise 11.12 As in the previous problem, suppose you wish to construct a 
right, circular, cylindrical cup with no top that will hold 1000 cubic centimeters 
of liquid. Assume that the base needs to be built out of higher quality material 
than the rest of the cup, perhaps because the cup will hold highly acidic liquid. 
Material for the base therefore costs $8 per square centimeter while material 
for the rest of the cup costs $6 per square centimeter. Find the dimensions of 
the cup that minimize the cost of materials. 


Exercise 11.13 Suppose that 100 meters of fencing are used to build a rec- 
tangular enclosure against a very long wall (so that no fencing needs to be used 
along the wall). 
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a) What is the largest area of the enclosure that can be constructed using the 
fence? 


b) What are the dimensions of the maximum-area enclosure? 


Exercise 11.14 A farmer is building a rectangular enclosure for 4000 square 
yards of land. The enclosure is to be split lengthwise into three rectangular 
pens of equal area. The outer fencing for the enclosure costs $10 per yard and 
the inner partitions cost $5 per yard. 


a) Find the dimensions of the enclosure that would minimize the total cost. 


b) Find the dimensions of the enclosure that would minimize the total fencing 
used. 


Exercise 11.15 An isosceles triangle is inscribed in a circle of radius 2 as 
shown in the diagram below. Find the dimensions of the triangle with largest 
area inside the circle. (HINT: Let x denote half the length of the base, and show 
that the height of the triangle is then 2+ /4— 27). 


Exercise 11.16 Find the area of the largest rectangle that can be inscribed in 
a semicircle of radius r. 


Exercise 11.17 A rectangle is inscribed in the upper half of the ellipse. 


2 
4 2 
= =] 
oe 
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as shown in the diagram. Find the dimensions of the rectangle with maximal 
area drawn in this fashion. 


Exercise 11.18 Find the maximum perimeter of a rectangle that can be in- 


scribed in the ellipse 
2 2 


at et 
Exercise 11.19 Find the radius and height of the right circular cylinder of 
largest volume that can be inscribed in a right circular cone with radius 6 inches 


and height 10 inches. 


Exercise 11.20 Suppose that to make nsunglasses, it costs a company f(n) 
dollars, where f(n) =n? + 2n + 2000. 


a) What are the fixed costs associated with production of the sunglasses, i.e., 
what are the costs that the company incurs for setting up to produce the 
sunglasses, even if they don’t actually produce any? 


b) Denote A(n) to be the function giving the average cost per pair of sunglasses 
to produce n sunglasses. Find an expression for A(n), and determine the 
interval on which it should be defined. 


c) How many sunglasses should be made to minimize the average cost per pair 
of sunglasses? What is the minimum average cost? 


Exercise 11.21 A piece of wire 10 m long is cut into two pieces. One piece 
is bent into a square and the other is bent into an equilateral triangle. How 
should the wire be cut so that the total area enclosed is (a) a maximum? (b) 
A minimum? 


Exercise 11.22 Find an equation of the line through the point (3,5) that cuts 
off the least area from the first quadrant. 
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Exercise 11.23 Find the maximum area of a rectangle that can be circum- 
scribed about a given rectangle with length L and width W. 


W 


Exercise 11.24 A cone is made from a circular sheet of radius R by cutting 
out a sector and gluing the cut edges of the remaining piece together. What is 
the maximum volume attainable for the cone? 


Exercise 11.25 According to U.S. postal regulations, the girth plus the length 
of a parcel sent by mail may not exceed 108 inches, where by “girth” we mean 
the perimeter of the smallest end. What is the largest possible volume of a 
rectangular parcel with a square end that can be sent by mail? What are the 
dimensions of the package of largest volume? 


Exercise 11.26 A closed box has a fixed surface area A and a square base 
with side x. 


a) Find a formula for the volume, V, of the box as a function of x. What is 
the domain of V ? 


b) Graph V against x. 
c) Find the maximum value of V. 


Exercise 11.27 A rectangular swimming pool is to be built with an area of 
1800 square meters. The owner wants 5-meter wide decks along either side 
and 10-meter wide decks at the two ends. Find the dimensions of the smallest 
piece of property on which the pool can be built satisfying these conditions. 


11.3 Review exercises: Chapter 11 89 


Exercise 11.28 A square-bottomed box with a top has a fixed volume, V. 
What dimensions minimize the surface area? 


Exercise 11.29 Find the global maxima and minima of the function 
f(x) = 3a] —2° 
on the interval [—1, 2]. Sketch a graph. 


Exercise 11.30 Find the largest area A = 4xy of a rectangle with vertices 
(z,y), (—2,y), (—2,-y), (x, —y) inscribed in the ellipse 


a? + 2Qy? = 1. 


Exercise 11.31 A ladder of length 1 is one side at a wall and on one side at 
the floor. 


a) Verify that the distance from the ladder to the corner is f(x) = sin(x)cos(x). 


b) Find the angle x for which f(x) is maximal. 


Exercise 11.32 A candy manufacturer builds spherical candies. Its effective- 
ness is A(r) — V(r), where A(r) is the surface area and V(r) the volume of 
a candy of radius r. Find the radius, where f(r) = A(r) — V(r) has a global 
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€ — 


Exercise 11.33 A tennis field of width x and length y contains a fenced ref- 
eree area of length 2 and width 1 within the field and an already built wall. The 
circumference a fence satisfies 2x-+y+2 = 100, (an expression which still can 
be simplified). We want to maximize the area xy — 2. 


maximum for r > 0. 


a) On which interval [a, 6] does the variable x make sense? Find a function 
f(z) which needs to be maximized. 


b) Find the local maximum of x and check it with the second derivative test. 


c) What is the global maximum of f on [a,b]? 


X 
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Name: Cor 


e Please write neatly. Answers which are illegible for the grader can not be 
given credit. 


11.3 Review exercises: Chapter 11 91 


e No calculators, computers, or other electronic aids are allowed. 


e You have 90 minutes time to complete your work. 


Exercise 11.34 A cup of height h and radius r has the volume V = mr2h. 
Its surface area is tr? + mrh. Among all cups with volume V = 7 find the one 
which has minimal surface area. Find the global minimum. 


Exercise 11.35 Find a concrete function which has three local maxima and 
two local minima. 


Exercise 11.36 The University stadium has a track which encloses a rectan- 
gular field of dimensions x,y. The circumference of the track is 400 = 27y+2x 
and is fixed. We want to maximize the area xy for a play field. Which x 
achieves this? 
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Exercise 11.37 Which rectangular triangle (0,0), (x,0), (0, y) with x+y = 2, 
x>0, y>0 has maximal area A = xy/2? 


Xx 


Exercise 11.38 A candle holder of height y and radius x is made of alu- 
minum. Its total surface area is 2nxy + rx? = 1 (implying y = 1/(2x) — 2/2). 
Find x for which the volume 


f(x) = «7y(z) 


is maximal. 


ie 


Definite integrals (Exercises) 


12.1 Practice Problems 


12.1.1 The Definite Integral of a Continuous Function 


Example 58 Find Ly(P) (lower Riemann sum) and U;s(P) (lower Riemann 
sum) for f(x) = x”, x € [0,1], and partition P = {0, 4,5, 1} 


Solution: The function f(x) = 2? is continuous on the closed interval 


(0, 1]. The partition P divides the interval [0,1] into two subintervals [0, 3], 
[7 5] and [5, 1] with the following lengths: 
1 1 
Av, = 4 = 0 => 4 
1 1 1 
Atg = =--=-c. 
pe en A 
1 1 
Avg = 1-==2c. 
= gD 


Since f is increasing on [0,1], f attains its maximum value at the right end- 
point of each subinterval and its minimum value at the left endpoint of each 


subinterval. 
M=fQ=7  m=f(0)=0 
1 1 1 1 
Ma =f) = 4° m= 114) =a6 


ie ee ae 1 37 
F) = M,Ax, + MoAco + MA eld ea ly eee wen Vt aL 
UR he Mapas gg 2 64 


1 dy Aye, de> A. 9 
= S10pe Me Ae ie ee Agee 
Ly (F) = mA, + m2Ax2 + m3Ax3 = 0 i+ 6 LEG aay 0.140 63 
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Upper Sum Lower Sum oad 


026 0.5 


Example 59 Use upper and lower sums to show that 


me ol 
06 < [ —sdr <1 
@ +2 


Solution: The function f(x) = — is continuous on the closed interval 
(0, 1]. Let P = {0,5,1}. The partition P divides the interval [0,1] into two 
subintervals [0,5] and [5, 1] with the following lengths: 


1 i 
A = _—_ = 
C1 5 0 5 
i. 4 

(ae eee 
o 2 2 


Since f is decreasing on [0,1], f attains its maximum value at the left end- 
point of each subinterval and its minimum value at the right endpoint of each 
subinterval. 


1 4 
M, = f(0)=1 m =f(5) =< 
1 4 1 
M2=f(5)= 5 m= fj)=5 
Thus 
U;(F) = M,Aga, + MoAze 
1 4 1 9 
= eg tes — ip OS 
Ly (F) = myAr;+mAzr2 
1 
= a J Pa ee 


52°32 20 
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Thus, 
0.6 < 0.65 = L;(F) < i ; yA <U;(F) =0.9<1 

Example 60 Given that 

1 3 6 

[ f(x)dx = 4, i f(x)dx = 2 and i: f(a)dz =1 
find each of the following: 
a) Hs fedex; 
b) fg f(x)dz, 
c) is f (eae, 
d) Sy f(a)da 
Solution: 

a) jer f(a)dx = f° f( a)dax + JP f( x)dz=2+1=3 
b) if (x)dax = fP f(a)dx + f° f(a)dx =— fy f(a)dx + fo f(a)de = 442 

—2 


c) fg f(a)de = — fq f(a)de = -2 
d) f; f(x)dx =0 


12.1.2 Indefinite integral 
Exercise 12.1 Find the indefinite integral 


‘| (= =z *) da. 


Solution: 
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Exercise 12.2 Find f(x) from the given information: 
f"@)=a?-2, f'1)=2, fd)=2. 


Solution: 


f@) = | (@-2) de= 52? (2x 3) +0. 


To evaluate the constant K, we use the fact that f’(1) = 2. Since f’(1) = 2 
and 


1 1 

PUH=_0 Aes 3)+C= ate 

13 

C=—. 

6 
Therefore ; 13 4 ; 13 
fey = ae (2a — 3) 4 ao ar 5 5 

and 


6 12 6 6 
To evaluate the constant KK’, we use the fact that f(1) = 3. Since f(1) = 3 and 


1 iF 13 1 1 13 
sa) = [ (a8 5+ F) de = Get Fah Beek, 


ig oe. 13 25 
1)=—(1)*-— 1 —(1 K=kKk+— 
f=" 502+ TM+K=aK+S, 
11 
——. 
12 
Therefore, 
eee oes es re 
M@)= peer tert 


Example 61 Compute the following indefinite integrals: 
a) f (5x? — 4 +1) dx 


b) f (823 — V3z) dx 


d) { (y—3) /ydy 


Solution: 
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a) 
| (2-40-41) de = [oars (4) de-+ f 1a 
= 5 f otde—4 f ade + dx 
= a8 Qn? +a+C 
b) 
( 3 3 4 4_ 2 2 
8x — 3x) de = (se — 3x2) de = 2 — 3V30? +C 
c) 
B41 3 1 
[re- fereya-Z@-2+0 
d) 


fo- 3) Judy 


I 
Nie AT/\ 
< 
pole 
| 
eo 
< 
wl 
Q 
< 


I 
ou 

° 
pon 

eS 

| 
on 
ad 
+ 
Q 


Example 62 A particle moves along the x-axis with velocity v(t) = At? +1. 
Determine A given that x(0) = x(1). Find the total distance traveled by the 
particle during the first second. 


Solution: ‘ 
a ee / (At? + 1) dt = At +t+C. 


To determine A, use the fact that 7(0) = x(1) . 


So 


and it follows, that 
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and 
v(t) = v(t) = —3t? +1. 


To find the total distance traveled by the particle during the first second, 
evaluate fo |u(t)| dt : 


1 
| \o(t)| at 
0 


The total distance traveled by the particle during the first second is aVv3. 


1/Vv3 1 
i (—3¢? + 1) dt + i (3¢? — 1) dt 
0 1/V3 


p: 2 4 
= 5¥3 + 3¥3 = 9¥3 =: 0.7698. 


12.2 Exercises 


Exercise 12.3 Find Ly(P) and Us(P) for f(x) = eee -L=| eS 
{-1,—-2, -4, 0} 
Answer: U;(F) = @ Ly(F) = @- 


Exercise 12.4 Let f(x) = 2?, x € [0,4], cj} =1, x3 = 2, c§ =3 and zi = 4. 
Draw a figure showing the Riemann Sum S*(P). Compute the value of S*(P). 


Answer: S*(P) = 30. 


Exercise 12.5 Find the value of 


a) Vai S (ap)Aze, 


b) max Ax; 

when 

Lo) Se @=0 04 3 Aa 1, Aas Age 2) ot Sa, 
i —s,2.= 3 

2. f(x) =cosxz;a=0,b=27; n=4; Ax, = 7/2, Arg = 30/4, Avg = 
m/2, Avg = 1/4, cf = 2/4, 25 = 7, £3 = 30/3, 24 = Tr /4,; 

8. f(z) =23;a=—-3,b=3;n=4;Aa, = 2, Aro = 1, Arg = 1, Arg = 2; 
ei =-2, 7 =0, 23=0, 24 = 2; 


Exercise 12.6 Use the given values of a and b to express the following limits 
as integrals. (Do not evaluate the integrals.) 
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&) Timing 30 a (Ft) Asis G51, b= 2, ipa Say eR, 

b) limas,—0 pei (27)? Ace, CSL OS2) tee a, Sy 

c) limar,—0 -p—1 427. (1 — 382%)2 Ace, a=—3,b=3, 2-1 <2, < 2p, 
d) lima~s,—+0 D0, Sin (xt)? Ar, C=—R627;. tea se, Sop, 


Exercise 12.7 Express the integrals as limits of Riemann sums. (Do not eval- 
uate the integrals.) 


a) ff? de, 

b) fi vada, 

c) A weak, 

d) fe”? cos(3x)de, 
e) ie wl dy, 


Exercise 12.8 Sketch the region whose signed area is represented by the def- 
inite integral, and evaluate the integral using an appropriate formula from 
geometry, where needed 


a) ie xdz, 

b) fie xdz, 

c) i ada, 

d) i (1— 92) de, 

e) {i |2a — 3] dx, 

f) [', V1 —2#de, 

g) Gc V4 — a2dx 

Exercise 12.9 In each part, evaluate the integral, given that 


|x — 2|, z>0 


f(x) = 
Ti. z<0. 
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a) f°, f(a)de, 

b) fo f(x)de, 

c) fp f(x)de, 

d) [*, f(x)da, 

e) f°, f(a)dx, 

Exercise 12.10 Define a function f on [0,1] by 
Te 10ers 1 
0, x=0. 


Use Definition ?? to show that 


iF * fn at: 


Exercise 12.11 Evaluate the limit by expressing it as a definite integral over 
the interval [a,b] and applying appropriate formulas from geometry. 


a) limaz,—0 4-1 (82% + DAz,, a = 0, b= 2. 
b) limps, +0 pai 4/4 — Fe Aek, @=— 2, b= 2. 


Exercise 12.12 In each part, use Theorem?? to determine whether the func- 
tion f is integrable on the interval [—1, 1]. 


a) f(x) = cos(x), 


ae x40 
b) f(x)=4 * 

0, xr=0 

ae x #0 
Ce ae 

0, x=0 

sin —, zr#0 


d) f(t) = 
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Exercise 12.13 Find the indefinite integral 


flee) 


Answer: 3,/x (24 +3) +C. 


Exercise 12.14 An object moves along a coordinate line with velocity v(t) = 
6t? — 6 units per second. Its initial position is 2 units to the left of the origin. 


a) Find the position of the object 3 seconds later, 
b) Find the total distance traveled by the object during those 3 seconds. 
Answer: 


a) The position of the object 3 seconds later is 34 units to the right of the 
origin. 


b) The total distance traveled by the object during those 3 seconds is 44 units. 
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13 


The fundamental theorem of calculus 
(Exercises) 


13.1 Practice Problems 


13.1.1 The Function F(x)={" f(t)dt 
Example 63 For F(x) = fy Vt? + 4dt find the following: 


a) F(-1), 
b) F'(0), 
ey ate) 
d) F"(2). 
Solution: 
a) F'(-1)=¥V5, 
b) F’(0) =2, 
c) F'(3) = avi, 
d) F"(x) = aw 


Solution: F(z) = f0(t + 2)3dt = — f’(t+2)3dt, Fe) =—-(a +2) 


a) F’(-1) = —(-1+ 2)? = -1, 
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Example 65 Let F(x) = ie cos tdt. Find the derivative of F. 


Solution: Let u(x) = x? and use the Chain Rule to find the Derivative of 


d . d 
Fa] i (/ cos ut) re (x?) = (cos wu) (3x?) = 32x? cos x? 


Example 66 Find area under the graph of 


1 
ae ora 


between x =0 and x =3. 


Solution: First we can find the indefinite integral 


[ory dx = 32 | 55 (5a + 1)71/? 


2 
= 5 (be+ ty 6 
2 
= 5 V 5x + 1 + C 
Next we can easily compute the definite integral 


3 
2 
[ Ge+i Pde — = V5 + Io 
0 


= 2 (v5eFT8) 


(v1) =3 


om ol 
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18.1.2 Area of a Region between 2 Curves 


If f(x) > g(x) on the interval [a,b] , we say that the small rectangle of width 
Az and height f(x) — g(x) is a representative rectangle. 


Example 67 Find the area of the region in the first quadrant bounded by the 
3 


graphs of the curves y(x) = x? and yo(x) = x. 

Solution: By setting the equations equal to each other, you see that the 
curves intersect at (0,0) and (1,1). Sketch the region under consideration, 
noting that the curve y;(2) = 2? is above the other curve. Draw a representa- 
tive rectangle on the region between the curves. The base of the rectangle has 
length Aw, and the height is y1(x) — yo(x) = x? — 2. 


- 


y 


+” 


Loosely speaking, the area between the curves is obtained by adding up the 
representative rectangles. That is, the area is the following definite integral 


Dre i CAC oe [ Core (5 _ 7) a = 


Sometimes you encounter area problems of more complicated regions. For 
instance, the 2 curves might intersect at more than 2 points. In this case, you 
must find all the points of intersection and determine which curve is above the 
other on each interval determined by these points. 


Example 68 Find the area of the region between the graphs f(x) = 3x° — 


z* — 10x and g(x) = —x* + 2a. 


Solution: Set the equations equal to each other to find the points of 
intersection. 
3a3 — x” — 102 = —x? + Qe 
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32° — 122 = 0 


Prd 


On the interval —2 < « <0, the graph of f is above that of g , whereas on 
the interval 0 < x < 2, the graph of g is above that of f . Hence, the area is 
given by the 2 integrals shown below 


0 2 
Area = a (F(a) = 9fa)) de + [ (9(«) — f(2)) dx 
= 124+12=24. 


Example 69 Consider the area bounded by x = 4—y? andx =y-2. 
Calculate this area by integrating with respect to x, and then with respect to y. 
Which method is simpler? 
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Solution: Setting the equations equal to each other, you see that they 
intersect at the points (0,2) and (—5, —3) . 


ély 


-6 


You will need 2 integrals if you integrate with respect to x : 
‘ 125 
/ ((0+2)+ ima) de+  2/i—ade = 
—5 0 
The problem is easier if you integrate with respect to y 


[G@-¥)- 0-9) w=" 


-3 


Remark 70 
a) You must be very careful to determine which function is above the other. 


b) Keep in mind that although a definite integral can be positive, negative, or 
zero, the area of a region is always nonnegative. 


Example 71 Find the area of the region bounded by the graphs of y = x? and 
y= x° two ways (integrating with respect to x and with respect to y). 


Solution: 


a) Vertical slices: 
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: 1 1 1 
| (x* — &°)dx & ra lo 7 


b) Horizontal slices: 


A= [Wi -2 a= 56/5 _ 23/2 (ee 
‘ 6 3 ae 


18.1.3 The Area under an Infinite Region 


Sometimes by using limits, you can integrate a function defined on an un- 
bounded interval. In the next example, we explore a so-called improper in- 
tegral like 


oo b 
i, f(x)dx = jim f(x)dx. 


1 

Example 72 The area under the curve y = — from 1 tob, a constant greater 
x 

than 1, ts given by 


b 
Area = | PGa= itt 
1 7& 


Hence, as b tends to infinity, so does the area under this curve. On the other 


hand, the area under the curve y = 2 from 1 to b is given by 
b 
1 b-1 
Area -| —dz = ——. 
1 7& b 


So as b tends to infinity, the area approaches 1. We say that the improper 
integral equals 1, and we write 
[oe 
1 
1 x 
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13.2 Exercises 


Exercise 13.1 Let F(x) = fy edt. Find the critical points of F and at 
each critical point, determine if F has a local maximum, a local minimum, or 
neither a local maximum or a local minimum. 

Answer: x =1 is a critical point, F has local minimum at x = 1. 


Exercise 13.2 Find the area between the graphs of f(x) and g(x) on the 
interval [—2, 5]. 


fix) 


Answer: 16. 


Exercise 13.3 Find the area of the region bounded by the curves y = x? — 1, 
y—-x+2,2=0, andx=1. 


. Bb 
Answer: Ts: 


Exercise 13.4 Find the area of the region bounded by the curves y = —x° +3, 
y=u,x=-1, andx=1. 


Answer: 6. 


Exercise 13.5 Find the area of the region bounded by the curves y = “/a — 1 
andy=a-1. 


Answer: 5: 


Exercise 13.6 Set up and evaluate the definite integral that gives the area of 
the region bounded by the graph of f(x) = x° and its tangent line at (1,1) . 
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Answer: ar 


Exercise 13.7 Find F'(x) if 
a) F(x) = fo"* Vtdt 
b) F(z) = fo" (1s?) ds 
c) F(a) = [* ds 

Answers: 
a) Vsin x (cos) 


b) cos? x 


1 1 
37? — = 
c) yee a 
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Natural logarithm (Exercises) 


14.1 Practice Problems 


14.1.1 Properties of the natural logarithmic function 
Example 73 Find 


a) <(elno) 
d 
—] 

b) °F n(cos x) 


Solution: 
a) ay Inz) = (1) Inz+ : Ina+l1 
mace n — D2X Z—-=1nz 
dx cas x 


sinz = —tanz. 


d 1 
b) ae In(cos x) = rete 


Example 74 Find 
a) f 


x 


c) f tanadx 


xc+1 


dx 
a 


x 
d) | ——=d 
J Vi(it+ Va) 
Check (by differentiation) if the answers are correct. 
Solution: 


a) f 


x+1 
52 


1 1 
te == | ($+) de=elnfe|-2 +0 
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a il 2 


c) f tanzdx = —In|cosz| + C = In|secz|+C 


1 
d) lFelagay 2In(a@+ fx) -Inz+C 


14.1.2 Logarithmic differentiation 
Example 75 Find the derivative of the function 


f(@)=a™. 
1 
1 
Solution 76 
y=a* 
Iny=Ing* =—alnz 

1d 1 
ae = (1 Ina+2 (=)) = —(Inz+1) 


(by the chain rule and by the product rule), so 


dy _ 
—=-(Inz+1)r* 
de (Ina + 1)a 
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The exponential function (Exercises) 


15.1 Practice Problems 


15.2 Exercises 
Exercise 15.1 Show that the function y = e® sin bax satisfies 
Wy Ul 2 2 _ 
y —2ay + (a +b*)y =0 


for any real constanta a and b. 
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Inverse functions and inverse trig functions 
(Exercises) 


16.1 Practice Problems 


16.2 Exercises 
Exercise 16.1 Show that the function y = arctan(x) satisties 


y" = —2siny cos’ y 
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L’Hospital’s rule and overview of limits 
(Exercises) 


17.1 Practice problems 


The L’Hopital’s rule is a miracle procedure which solves all our worries about 
limits. The proof of the rule is comic in its simplicity. Especially after we will 
see how fantastically useful it is: 

since f(p) = g(p) = 0 we have Df(p) = f(p+h)/h and Dg(p) = g(p+h)/h 
so that for every h > 0 with g(p +h) = 0 the quantum L’Hopital rule 


a Hpth) —_f(pth)—F() 
fot) - | 


g(p +h) alprh) alprh)=s(P) 


Now take the limit h — 0. Voila! 


118 17. L’Hospital’s rule and overview of limits (Exercises) 
Type A: 0/0 case 


Example 77 Lets prove the fundamental theorem of trigonometry again: 


Why did we work so hard for this? We used the fundamental theorem to derive 
the derivatives for cos and sin at all points. In order to apply L’Hopital, we 
had to know the derivative. Our work to establish the limit was not in vain. 


Example 78 Sometimes, we have to administer a medicine twice. Let us find 


(1 — cos(z)) 
2 


the limit lim,_.0 . This limit had been pivotal to compute the deriv- 


x 
atives of trigonometric functions. 


Solution: Differentiation gives 


i sin(z) 
x0 2x 
Now apply L’Hopital again. 
. sin(z) |, cos(z) 1 
ee = =a 
pir oe 
Example 79 Find the limit 
g?—4e+4 


2 sin? (x — 2) 


Solution: this is a case where f(2) = f’(2) = g(2) = g/(2) = 0 but 
io! (0): = 2. The Vnitas..f".(2)/9" (2) = 2/2 = 1. 


Example 80 (Trouble?) The limit lim,..(2xz + sin(x))/3x is clearly 2/3 
since we can take the sum apart. Hopital gives limz—o0(2 + cos(x))/3 which 
has no limit. This is not trouble since Hopital applies only if the limit to right 
exists. 


Type A: co/oo case 


17.1 Practice problems 119 


Example 81 To find 
._ese(x) 
lim 


x 30+ l1—Inzx 


notice that as x — OT, both the numerator and the denominator tend to ov. 
Why? Well, sin(x) goes to 0 as x — 0, so csc(x) blows up; and also In(x) > 
—oo as x > 0T, sol —Inz — oo. Now use L’Hopital’s Rule: 


= t 
lim ese) = lim eh ie) 2 lim x csc(x) cot(z). 
z0+ 1—Inz 20+ =e z—0t 
To nd the limit, write it as 
x 1 


ie 
20+ sin(x) tan(2) 


We have 


. x ; 
lim — = lim — 
2 0t sin(z) «250+ sin(z) 1 


x 


but for the other factor we have 
: 1 
lim ——~ = 
20+ tan(x) 
since tan(x) > 0* as x > 07. So we have proved that 


cesc(x) 


230+ 1—Inax ~ 
Type B1 (co — ov) 
Example 82 Find 


lim \/x+In(a) — Vz. 


Solution: First note that as 7 — oo, both \/z + In(x) and Vx go to o; 
so we are in the co — o0 case. There’s no denominator, so let’s make one by 
multiplying and dividing by the conjugate expression: 


( © + In(a) va) 
( x + In(a) va) 
Using the difference of squares formula (a — b)(a + b), this becomes 


l 
lim n(x) 


me (Ja +In(a) + V2) 


Jim, J+ Ine) — ve = Jim (Ve+In@) - va) x 
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Now we are in the oo/oo case of Type A, so we just differentiate top and 
bottom (using the chain rule on the bottom) to see that 


ie ie 


~—00 @—00 t44 ; 
(armen) "Bah 


If you multiply the top and bottom of the fraction by x, you get 


li : 

1m 

aso0 1 #41 + Ve 
2 /e+in x 2 


We’re almost done, but we do need to take a little look at what happens to 
the first fraction in the denominator as — oo: 


This is also an co/oo indeterminate form, so whack out another application of 
L’Hopital’s Rule: 


lim Botte 9 lim : = lim ee 
ase 2Ve+Ing tog Ft aco 14] 
2 /x+in x = 


As x — oo, the denominator 4 +1 goes to 1 but the numerator /x+Inz 
goes to oo. This means that 


. 1 «+1 
lim = 


ee pee 
zo 2/r+inae 


Returning to our original problem, we have already found that 


1 
lim /x+In(x) — /z = lim FE 


woo 1 a+l ae 


Both fractions in the denominator go to oo as x — ov, so the limit is 0. 
Unfortunately, it’s not always possible to use L’Hopital’s Rule on type Bl 
limits. In fact, the only time it can actually work is when you’re able to 
manipulate the original expression to be a ratio of two quantities, as in the 
above example. 
Type B2 (0 x too) 


Example 83 Find lim; ,.. x sin(1/z). 
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Solution: Write y = 1/x then sin(y)/y. Now we have a limit, where the 
denominator and nominator both go to zero. Answer: 1. 
Type C (1+%, 0°,or 00°) 


Example 84 Find 
lim (sinz)” 
«z—0 
Solution: Because direct substitution produces the indeterminate form 0° 
you can proceed as shown below. To begin, assume that the limit exists and 
is equal to 


y = lim,_.o+ (sinz)” Indeterminate form 0° 
Iny = In (lim, _,9+ (sin z)”) Take natural log of each side. 
= (lim,_,9+ In (sin z)*) Continuity 
= lim, _,9+ (x In (sin z)) Indeterminate form 0 - (—oo) 
= lim, _.9+ (24) Indeterminate form == 
= lim,_,9+ (=) L’Hopital’s Rule 
ee 
= Tis sgt (<5) Indeterminate form 0/0 
= lim, 9+ ($34) =0 L’Hopital’s Rule 


Now, because Iny = 0 you can conclude that y = e® = 1 and it follows that 


lim, (sing )” = 1; 


«wr 


ceeeeil 
Example 85 Can L’Hopital’s Rule be applied to lim,_,1 — 


Solution: The answer is no. The function does not have an indeterminate 


form because 
gt +1 Ve. 2 


te 2a 8 
However, the limit can be evaluated directly by substitution: 


eva > <9 
lim ——— = = 


pai dei. 3. 


An incorrect application of L’Hopital’s Rule would lead to the following limit 
with a different value: 


2 
iat (not equal to original limit) 
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17.2 Exercises 


Exercise 17.1 What do you get if you apply L’Hopital to the limit 
im Se th)-f@) » 


h—0 h 


Answer: Differentiate both sides with respect to h. And then feel awsome! 


(ce — 


Exercise 17.2 Find the limit f(x) = neon 


for x — 0. 


Answer: 1 
Exercise 17.3 For the following functions, find the limits as x — 0: 
a) 82/sin(z) 
b) (= 1/(e* =1) 
c) sin?(3a)/sin? (52) 
d) a 
e) sin(sin(a))/a. 
Answer: a)8 b)% c)s% dl e)d1. 


Exercise 17.4 For the following functions, find the limits as « > 1: 
a) (2? — x —1)/(cos(x — 1) — 1) 

b) (e* —e)/(e** — e*) 

c) (x — 4)/(4a + sin(x) + 8) 


71000 _ 4 
) v2 — 1 
tan?(x —1 
) an*(a — 1) 
cos(z — 1) — 1 
Exercise 17.5 Find the limit 
DOES aps 
lim eae a=) 
00 ci+1 


HINT: first, then take the square root of the limit. 


17.2 Exercises 


Exercise 17.6 Find the limit 
ev 
lim ————. 


Exercise 17.7 Use L’Hopital to compute the following limits at x = 0: 


a) limz—o In(5z)/ In |a]. 

b) limz_.9(cos(x)a — sin(x)) /a2? 

c) lim, 9 n|In|1+ 2||/In|In|2+ al]. 

d) limz—o (1 — e”) / (x — 2°) 

e) limz—o In(1 + 32)/a 

Exercise 17.8 Apply L’Hopital’s rule to get the limit of 


_ sin(2002) 
F(®) = 5300s) 


i 


for xz — 0. 
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Exercise 17.9 What does L’Hopital’s rule say about 


2u 
—1 
lim 2 


z—0 x 


18 


Applications of Integration (Exercises) 


18.1 Practice Problems 


Example 86 Find the volume of a right pyramid that has altitude h and 
square base of side a (see Figure 18.1). 


Solution: If, as shown in Figure 18.1, we introduce a coordinate line | 
along the axis of the pyramid, with origin 0 as a vertex, then cross sections 
by planes perpendicular to / are squares. If A(z) is the cross sectional area 
determined by the plane that intersects the axis x units from 0, then 


A(e) = (2y)? = 4y? 


while y is a distance indicated in the figure 18.1. By similar triangles 


y_ a/2 _ ax 
eee 
and hence ; 3 
A =4y? =4(=) ers 
ah ay Oh he 
So, 


ho 22, 2 3 
OF en 6 ON ee py 
v= 7a dx (Fa) 3 lo 3% h 


Example 87 A solid has, as its base, the circular region in the xy-plane 
bounded by the graph of 2? + y? = a”, where a > 0. Find the volume of 
the solid if every cross section by the plane perpendicular to the x-axis is an 
equilateral triangle with one side in the base. 


Solution: A typical cross section by plane x units from the origin is illus- 
trated if Figure 18.2. If the point P(x, y) is on the circle, then the length of a 
side of the triangle is 2y and the altitude is /3y. Hence the area A(z) of the 
pictured triangle is 


A(x) = 5 (2u) (v3y) Say = V8 (a? =e"): 
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Fig. 18.1. Right pyramid that has altitude h 


Fig. 18.2. A typical cross section of the solid from Example 87. 
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Now, 
io 4 
V= V3 (a? = =) dz = 3V 3a" 


—a 


(see also Example 89) 


Example 88 A solid’s base is the planar region in which 0 < y < V1— 2? 
and its vertical cross-sections parallel to the y-axis are semi-circles. Find the 
volume of the solid. 


Solution: 


A(z) = sm 
tft gs 
- f0-#) 


So 


Example 89 The base of a solid is the region bounded by the ellipse 4x? + 
9y? = 36. Find the volume of the solid given that cross sections perpendicular 
to the x-axis are 


a) equilateral triangles, 


b) squares. 
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Solution: 


a) The area of an equilateral triangle is V3 52. We have s = sv9 — x. thus, 
cross sectional areas are given by 


aay = (3 Jaw) = Av5— Sin" 


Therefore 


v= / * A(e)de = i : (av . svc") dx = 163 


—3 —3 


b) The area of a square is s?. We have s = 4/9 — x. Thus, cross sectional 
areas are given by 


Therefore 


Example 90 We can generate a circular cone of base radius r and height h 


by revolving about the x-axis the region below the graph of 
fc)=F, OSaSh 


(see Figure 18.3). Find volume of that cone by Disc Method. 
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Fig. 18.3. Circular cone of base radius r and height h 


Solution: We have 


Example 91 A manufacturer drills a hole through the center of a metal 
sphere of radius 5 inches, as shown in Figure 18.4. The hole has a radius 
of 3 inches. What is the volume of the resulting metal ring? 


Solution: You can imagine the ring to be generated by a segment of the 
circle whose equation x? + y? = 25 is as shown in Figure 18.5. 

Because the radius of the hole is 3 inches, you can let y = 3 and solve the 
equation x? + y? = 25 to determine that the limits of integration are x = +4. 
So, the inner and outer radii are r(x) = 3 and R(«) = V25— x? and the 


volume is given by 


V 


rn | *(LR(@)P = fr(@)P) ae 


—4 

4 
nf (16 — x?)dax 

—4 

374 
T 6 — =| 
—4 

256 


37 cubic inches. 


«ff ([v25=2]"- i) ti 
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Fig. 18.5. Plane region. 
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(50, 30) 


40-20 0 20 40 


Fig. 18.6. Side of the barrel. 


Example 92 A wine cask has a radius at the top of 30 cm. and a radius at 
the middle of 40 cm. The height of the cask is 1m. What is the volume of the 
cask (in L), assuming that the shape of the sides is parabolic? 


Solution: We will lay the cask on its side to make the algebra easier (see 
Fig. 18.6) We need to find the equation of a parabola with vertex at (0, 40) 
and passing through (50,30). We use the formula: 


(a —h)? = daly — k) 
Now (h, k) is (0,40) so we have: 
ax” = 4a(y — 40) 
and the parabola passes through (50,30), so 
(50)? = 4a(30 — 40) 


and 
2500 = 4a(—10). 


This gives 
4a = —250 


So the equation of the side of the barrel is 
a” = —250(y — 40), 


that is, 
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20 + | 4 
1 
jl 


-20 + 7 ;t 


Fig. 18.7. The barrel as a rotated parabola. 


Fig. 18.8. 
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Fig. 18.9. Watermelons. 


We need to find the volume of the cask which is generated when we rotate this 
parabola between x = —50 and x = 50 around the z-axis (see Fig.?? ). 


b 
Vol = nf ydz 


50 4 2 
x 8x 

== i800 jd 

Jn aa 25 f ) . 


= 
50 
= 1600 
“| S = +16 7 a 
(50) — 
= 2 = 1 
«(sea a ee 
= 4.2516 x 10° 


So the wine cask will hold 425.16 L. 


Example 93 A watermelon has an ellipsoidal shape with major axis 28 cm. 
and minor axis 25 cm. (see Fig.18.9). Find its volume. 


Before calculus, one way of approximating the volume would be to slice the 
watermelon (say in 2 cm. thick slices) and add up the volumes of each slice 
using V = 2rrh. Interestingly, Archimedes (the one who famously jumped out 
of his bath and ran down the street shouting “Eureka! I’ve got it”) used this 
approach to find volumes of spheres around 200 BC. The technique was almost 
forgotten until the early 1700’s when calculus was developed by Newton and 
Leibniz. 

We see how to do the problem using both approaches. 
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Fig. 18.10. Slices of a particular watermelon. 


Historical Approach: Because the melon is symmetrical, we can work out 
the volume of one half of the melon, and then double our answer. The radii for 
the slices for one half of a particular watermelon are found from measurement 
to be: 

0, 6.4, 8.7 ,10.3 ,11.3 ,12.0 ,12.4 , 12.5. 


The approximate volume for one half of the melon using slices 2 cm. thick 
would be: 


Vialf = 7 xX (6.47 +8.7? + 10.3? + 11.3? + 12.07 + 12.4? + 12.57] x 2 
= mx 804.44 x 2= 5054.4 


So the volume for the whole watermelon is about 5054.4 x 2 = 10109 cm? = 
10.1 L. 

“Exact” Volume (using Integration): We are told the melon is an 
ellipsoid. We need to find the equation of the cross-sectional ellipse with major 
axis 28 cm. and minor axis 25 cm. We use the formula 


where a is half the length of the major axis and 6 is half the length of the 
minor axis. For the volume formula, we will need the expression for y? and it 


18.1 Practice Problems 


is easier to solve for this now (before substituting our a and 0). 


2 2 
v ¥y 
He HE aks 
a2 + b2 
Bat + a2y2 = 2b? 
ay? = ab? — a? = (a? — 22) 


SO 


Since a = 14 and 6 = 12.5, we have: 


2 _ 12.5? 


rae (14? — 2°) = 156. 25 — 0.797 192°". 
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NOTE: The a and 6 that we are using for the ellipse formula are not the same 
a and 6 we use in the integration step. They are completely different parts of 


the problem. 


Using this, we can now find the volume using integration. (Once again we 


find the volume for half and then double it at the end). 


14 
Vhalf = rf yr dz 
0 
14 
= rf (156. 25 — 0.797 19x?) dx 
0 


= 1 [156.252 — 0.265 732°] 5* 
= 1458. 3m = 4580.65 cm® 


So the watermelon’s total volume is 2 x 4580.65 = 9161 cm? or 9.161 L. This 
is about the same as what we got by slicing the watermelon and adding the 


volume of the slices. 
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Example 94 Let R be the region in which y2/4 < «x < 2+ Jy. Find the 
volume of the solid obtained by revolving R about the x-axis. 


Solution: 


ap Qry: (2 aff = y’/4) dy 
circum f erence height thickness 


Qn(Qy + y?/? — y3/4)dy 
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AS 


I 
[ 
i 


mL TI 


Example 95 Find the volume of the solid of revolution formed when the re- 
gion bounded between x = —2.5, 7 = 4.4, y= cosx+2 and y = 0 is revolved 


vertically around the x-axis. 


Solution: 


4.4 
9 1 
Ve rf Jee) +2)de=n (50 +4sinag + Z sin 21) 46 5 = 29.5440 


Example 96 Sketch the region bounded by y = \/z, x = 4, andy = 0. Use the 
shell method to find the volume of the solid generated by revolving the region 


about the y-axis. 
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Fig. 18.11. Solid of revolution defined in the Example 95 


Solution 97 


3 4 


= : py, 128 
V= i Qra/rdz = an f a! 2de = In Gag) la = oo 
0 0 


The same result can be obtained by the disc method as follows: 


v= ['(0"-(0r)a= Be 


Example 98 Sketch the region bounded by y = x2 and y = 2*/3. Use the 
shell method to find the volume of the solid generated by revolving the region 
about the y-axis. 
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Solution: 


The points of intersection of the curves y = 2? and y = 2/3 are (0,0) and 
(1,1). 


V= [on [a — 2?| do =n f2[2? 27 dz 


Example 99 Sketch the region bounded by y = x? and y = 2—«. Use the 
shell method to find the volume of the solid generated by revolving the region 
about the x-axis. 


Solution: 


2 


We first find the points of intersection of the curves y= a* and y=2-—2 


eo= 2-2 
e+ Dig+2) = 0 


x = 1 o xr=-2. 
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The curves intersect at (1,1) and (—2,4). 


1 A 
i | ony (VU — (—V)) dy + / omy ((2— y) — (—V)) dy 
0 1 


8 2 4 
(E78) lo+ (2m? =< smu 7 ny?) ri 
8 64 72 
= T 4 T=—T. 


5 5 5 


The volume of the same solid can be found by the washer method as follows: 


18.2 Exercises 


Exercise 18.1 Find the volume of the solid of revolution formed when the 
region bounded between x = 1, « = 3, y= 2? and y = 0 is revolved vertically 
around the x-axis. 


Answer: 20 


Exercise 18.2 Find the volume of the solid of revolution formed when the 
region below the curve y = x7 — 1, between x = 1 and x = 3, and above y = 0 
is revolved around the x-axis. 


. 496 
Answer: 357 

Exercise 18.3 Find the volume of the solid of revolution formed when the 

region bounded between x =0, x =7, y=sin(x) andy =0. 


Answer: 5m? 


Exercise 18.4 Find the volume of the solid of revolution formed when the 
region bounded between x = 0, x = pi/2, y = cos(x) and y = 0. 


Answer: qm 


Exercise 18.5 Find the volume of the solid of revolution formed when the 
region bounded between x = 7/4, x = 7/2, y=sin(x) andy =1/2. 
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Answer: 7 (a7 + 5) 


Exercise 18.6 Find the volume of the solid of revolution formed when the 
region below the curve y = e*/2, between x = 3 and x = 5, and above y = 2 is 
revolved around the x-axis. 


Answer: —7 (e3 ert 8) 


Exercise 18.7 Find the volume of the solid of revolution formed when the 
region below the curve y = 4,/x, between x = 4 and x = 9, and above y = 4 is 
revolved around the line y = 2. 


Answer: 282 
Exercise 18.8 Find the volume of the solid of revolution formed when the 
region bounded between y = «+5 and y = x? +3 is revolved vertically around 
the line y = 2. 


HINT: Find the intersection points first. 
117 


Answer: ="7 
Exercise 18.9 Find the volume of the solid of revolution formed when the 
region bounded between y = x and y = x? is revolved horizontally around the 
Y-axis. 


Answer: an 


Exercise 18.10 Find the volume of the solid of revolution formed when the 
region bounded between y = 2x — 2 and y = (x — 1)? is revolved horizontally 
around the y-axis. 


Answer: Pir 
Exercise 18.11 Find the volume of the solid of revolution formed when the 
region bounded between y = 2a —6 and y = (x —3)? is revolved horizontally 
around the line x = 1. 


Answer: 87 


Exercise 18.12 Find the volume of the solid of revolution formed when the 
region bounded between y = x+2 and y = x? is revolved vertically around the 
line y = —2. 


Answer: 12 
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Exercise 18.13 Find the volume of the solid of revolution formed when the 
region bounded between y = x and y = x? is revolved horizontally around the 
line x = —1. 


Answer: 5 


Exercise 18.14 Find the volume of the solid of revolution formed when the 
region bounded between y = 2x and y = x? is revolved horizontally around the 
line x = —3. 


Answer: Bor 


Exercise 18.15 Sketch the region bounded byy=x andy =5 anda = 0. 
Use the shell method to find the volume of the solid generated by revolving the 
region about the y-axis. 


Answer: 20 


Exercise 18.16 Sketch the region bounded by y = x , x = 0 andy = 1. 
Use the shell method to find the volume of the solid generated by revolving the 


region about line y = 2. 
Answer: ar 


Exercise 18.17 Consider a cap of thickness h that has been sliced from a 
sphere of radius r (see figure). Verify, that the volume of the cap is 


th? (3r — h)/3 
using: 
a) the washer method, 
b) the shell method, 
c) general slicing method. 


Exercise 18.18 The following integrals match the volumes of solids (Fig. 
18.13). Each integral matches exactly one solid. 


Integral Enter 1-6 


Jo min? (rx) dx 
m(1+2)?dax 
fo 7 cos? (1x) dx 
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Fig. 18.12. 


Exercise 18.19 Match the volumes of solids (Figure 18.14 ). 


T ftatee | 
[finde | 
oo 


J, 7(4 + sin(4z))dz 


ne P ae 
ee 


fp —¢Pdz 


Exercise 18.20 The kiss is a solid of revolution for which the radius at height 
z 18 


zVvl—z 
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a? 
es 


Fig. 18.13. Solids for exercise 18.18 


— 


Mia 
sev 


Fig. 18.14. Solids for exercise 18.19 
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and where —1 <z<1. What is the volume of this solid? The name “kiss” is 
the official name for this quartic surface. 
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19 
Arc Length and Surface Area (Exercises) 


19.1 Practice Problems 


Example 100 Find the arc length of the graph of the function f(x) = 
In(cosx) over the interval l <a < > 


Solution: 


[vo T+ a) 

a /3 
‘i . dx Gx (2sin x + 2) )-Fm2 - 2sina) ig”? 
0 


= 5m (v3+2) — 5m (2~ v3) ~ 1.3170 


w 
I 
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Fig. 19.1. 


Example 101 Find the area of the surface obtained by revolving the graph of 
x? on [0,1] about the x axis. 


Solution: We find that f’() = 32? and /1+ (f!(x))? = V1 4 92%, so 
1 
A = an f V1+ 9at0% dx 
0 
1 
= sf V1+4+ 9udu (u=a*, du = 4a°dzr) 
0 


9 


1 /20 2 
= aa (Fvi0- 3) ~ 3.5631 


oe a 1 1 
- af vV1+vdu (u=—-v, du = —dv) 
i8 J, 9 


Example 102 (Surface area of a spherical cap) A spherical cap is pro- 
duced when a sphere of radius r is sliced by a horizontal plane that is a vertical 
distance h below the north pole of the sphere, where 0 <h < 2a (Figure 19.2). 
We take the spherical cap to be that part of the sphere above the plane, so that 
h is the depth of the cap. Show that the area of a spherical cap of depth h cut 
from a sphere of radius r is 2rrh. 


19.1 Practice Problems 


Fig. 19.2. A spherical cap 
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Solution: To generate the spherical surface, we revolve the curve f(x) = 
Vr? — «x? on the interval |—r,r] about the x-axis. The spherical cap of height h 
corresponds to that part of the sphere on the interval [r—h, r], for 0 < h < 2r. 


Noting that f’(x) = —x Cr? — a2)? the surface area of the spherical cap of 


height A is 
/ "om fla) + ((@))Pae 
= anf P= ay ( x (r2 2) 2)" de 
anf py tyr = wae 


an f rdx = 2rrh. 
r—h 


oa) 
I 


Remark 103 Notice that f is not differentiable at +r. Nevertheless, in this 
case, the surface area integral can be evaluated using methods you know. 


19.2 Exercises 


Exercise 19.1 A cable is to be hung between two poles of equal height that 
are 20m. apart. Suppose that the cable takes the shape of 


f(a) =5 (ee/0 i e-*/10) . 


Find the length of the cable. 
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Answer: *& 23.504 


152 19. Arc Length and Surface Area (Exercises) 


20 


Techniques of integration, part one 
(Exercises) 


20.1 Basic Integration Formulas 


f kdu=ku+C 

fuPdu = an +C p#l 

f cosaudu = 4sinau + C 

J sinaudu = —4 cosau+C 

J sec? audu = + tanau+C 

f csc? audu = —i cotau+C 

J secau tan audu = + sec au+C 
f csc au cot audu = —i cscau+C 
fertda= ew +C 

10. f4du=In|ul +C 

11. f aa du = arcsin’ +C 

12. f edu = 1 arctan # LC 


(20.1) 


os. oe Pee ee 


= 


20.2. Practice Problems 


20.2.1 Integration by substitution 
The first principle of substitution is: 

When you have a quantity to a power, 

: (20.2) 

let u equal that quantity and try to get du. 
Warning: u = the quantity, not the quantity to the power. 
Example 104 Find 

ie (20% + 5)? dx. 


Solution: Here we have quantity to a power. We can try to use the Power 
Rule. 
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Let 
u= 20? +5 


then we need to compute 


3 
ye ae eee 


This is the answer, which we can check by differentiating: 


d fl 3 2 
a (3 (2x + 5)” 4 c) = x” (2x +5) 


which is the original integrand, verifying that the answer is correct. 
2. cos 3 
if = x de 
(5 + sin 32) 


Solution: Again we have a quantity to a power, so we let u equal the 
quantity and try to get du 


Example 105 Find 


u=5-+sin3a, du = 3cos 3xdz. 


To avoid unnecessary confusion, we move the “2” outside the integral and 
rewrite this as 


2 1 d 
5 + sin 32) dx 
Gaus da ( ) 
2 1 2 _3 
—2 


—_—_, + 
9(5 +sin 32)* 


This is the answer which you check by differentiating: 


d —2 cos 3x 
oe eer 3 + C = e 4° 
dz \9(5 + sin 3z) (sin 3x + 5) 


Example 106 Find 
a sin(52* + 6)da 
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Here, we do not have a quantity to a power, so the first principle of substi- 
tution does not apply. Hence, we turn to the second principle of substitution. 


When you do not have a quantity to a power, 
but you do have a trig function of a quantity (20.3) 


let u equal that quantity and try to get du. 


Later, this same principle will equally apply to other kinds of functions, such 
as exponential, logarithmic, inverse trig, etc. 
Solution: Let u=52++6 then du = 202°dx. Then 


1 
fe sin(5a*+6)dr = ay | sind 
— +C 
= 9p cose 


at ok 4 
— 59 008 (5x +6)+C 


This is the answer, which we can check by differentiating: 


da 4 4 ‘ASS 4 
= ( 5 008 (5a +0) +0) =2 sin (5a +6). 


Example 107 Find 
9 2 
/ sec (3% +5) 1. 
Jax 


Solution: We recognize that we have a formula for [ in (20.1), so we move 
toward putting the problem into this form. Let 


ils 


We first move the “9” outside of the integral and move the a next to the dx 


u=3/r2+5, du 


1 
—adzx. 
L 


2 
9 | sec CET). 


2 3 2 
Next multiply by 3° move the unwanted 3 outside of the integral, simplify 
and substitute. 
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1 31 
2 — => 2 = 
9 | sec OVE T 9 | sec (3a +5) 5a 
= 95 [ sec*(ave+5); Baa 
3.2/2 


3 
6 / sec? udu. 


We apply the appropriate formula from (20.1) getting 
6tanu+C = 6tan (3V/%+5)+C 


This is the answer, which you should check by differentiating, but we shall not 
here. 


20.2.2. When substitution does not work 


Sometimes the “obvious” choice of substitution does not work. This method 
of substitution allows you to see as soon as possible that it does not work, and 
you must look for an alternative method. 


Example 108 Find 
[eee + 5)?da. 


Solution: We see we have a quantity to a power, so (as in Example 104) 
we try, 
u=20° +5, du = 6x7dx. 


But right here we see we cannot get x? since we only have an x. Thus we must 
try something else. The thing to do here is to square out the quantity and 
then multiply through with the z. 


[eee +5)*dz = [eGe’ + 20a + 25)dx 
= / (4c" + 2024 + 25a) dx 


i 25 
= al + 4a? + a +C. 


Example 109 Find 
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a) | aaa 


ae 


eeu 


ae 


Solution: 


a) We have a quantity in the denominator, so we try 
u=1+2%, du = 4a dx 


We see with the x? in the numerator we can get du, and we proceed to 


do it. 
a? 1 1d psa Lp 
/oe . if re 4 oa qf od 


= zinful +O = in (l+2*)+C 


b) If we were to try u = 1+ 2“ again, we see with only an x in the numerator, 
we cannot get du = 4x°dz. In searching for an alternate approach, we 
might ask, how do we make use of the single x in the numerator? If 
we observe « is the crucial part of the derivative of «?, and that in the 
denominator «4 = (x)?, then we solve the problem with the surprising 
substitution 


U=nx, du = 2adz. 


Then 


20.3 Very Famous Example 


Example 110 (Area of a circle) Verify that the area of a circle of radius 


a is Ta2. 


158 20. Techniques of integration, part one (Exercises) 


v 


a 
a 
Area = / Va? — x? 
0 


Fig. 20.1. A quarter-circle. 


Solution: The function f(z) = Va? — x? describes the upper half of a 
circle centered at the origin with radius a (Figure 20.1). The region under this 
curve on the interval [0, a] is a quarter-circle. Therefore, the area of the full 


circle is - 
| Va? — x2dxr 
0 


Because the integrand contains the expression a?—2?, we use the trigonometric 


substitution x = asin@. As with all substitutions, the differential associated 
with the substitution must be computed 


x=asin@ implies that dz =acos@. 
Notice that the new variable @ plays the role of an angle. 
The substitution works nicely, because when x is replaced by asin @ in the 
integrand, we have 
a2—22 = 4/a?—(asiné) 

= \/a?(1—sin?6) 

= Va?cos?6 

= |acos6| 

= acosé. 


We also change the limits of integration: When x = 0, 0 = arcsin0 = 0; when 
x =a, @ = arcsin(a/a) = arcsin(1) = 1/2. Making these substitutions, the 
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integral is evaluated as follows: 


af Va? — x2dax 
0 


m/2 
a| acos@ -acos 6d0 
0 


20.4 Exercises 


Exercise 20.1 Evaluate the following indefinite integrals: 


1. 328 + 22 + 27 3) da 


822 + 3474 + a) dx 


e* + 2x) dx 


sin 2x + 3x) dx 
cos 3x — 2x + 1) dx 


e 7 +2cosx+5x *) da 


I( 
( 
(e" 
(e°** + 847) dx 
( 
( 
( 
( 


So RE DB a eK wD ®W 
G55.) (Oo 8 I ee SS 


e* — §sin 2a + x7 Vide 


Exercise 20.2 Evaluate each of the integrals in by making the indicated sub- 
stitution, and check your answers by differentiating 


1. f 2a(a? + 4)3/2da; u=a27+4 
2. [(w@+1)(a? + 2a — 4)~4da; u=2?+2r—4 


3. f pe dy: u=yet4y—1 


+4y—1) 
: ae) 
4. f Tyg dz; U=x 
}. sec dg; u=tané 
tan 
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6. f tanadz; U = COS 


Exercise 20.3 Evaluate the following definite integrals: 


1. fi, Va + 2dx 


3 dt 


2 t-1 


g. \e ava? + Idx 
4. fo tV# + Ide 


: is xe® dx 


ve 


an 


xo 


1 e 
male Trott 


S 


7, fo/S (sin 30 + m) dO 
. fo sin(0/2 + 1/4)d0 


Co 


2. 
9. jee sin x cos xdx 


10. f7/q cot Odd 


Exercise 20.4 Evaluate the following indefinite integrals: 
1. [(@+1)cosardzx 
2. { xcos (5a) dx 
3. [ x? cosadr 
Ae [ (e+ 2) e%dx 
5. f In (10x) dx 
6. | 2 Inwde 

7 fare ds 


9 


1 1 
ese a 
f 73 008 dex 


9. glncds 


10. f In(9 + 2?)dx 


Exercise 20.5 Evaluate the definite integrals: 


BY 


: ike xe lnadx 


© 


: ih Ina?dx 


Se) 


. i cer dx 


. fe (ne)? de 


Nn 


on 


; fe sin (27) cos rdx 
6. f"_ e?* sin (2x) dx 


T 


ve Ae x arctan xdx 


3 
1 xv 
tld ore 


Ss 


fe + 5x) sin(5x)dx 


10. te arccos (,/y) dy 
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Exercise 20.6 (Integrating by parts) Match the integral on the left, the 
correct substitution in the center and the evaluated integral on the right: 


J xcos xdx 
f vsin4adx 
[ze dz 
faclnadx 


fx? Inadx 


Ina 


ae 
fee dz 
f xe dx 


f e* sin 4adx 


lo st: 
jg Sin4x — zx cos4x + C 


ter +C 


cosx+asinz+C 


er ae _ 4px 
i7eé sin 4x i7e cos 47 + C 


1,3 eee 
ax Ina gv 
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Exercise 20.7 (Integrating by parts) Match the integral on the left, the 
correct substitution in the center and the evaluated integral on the right: 


J ee cos xdx 
J cos x cos 2xdax 
fsinzsin 2rdzr = 


J A4arccos rdx = 


fe" de 


f (Ina)? dx 
je dx 
J cosa In(sin x)dax = 


f xsinz?dzx 


U = arccos xz, 


v=sinaz 


ze" (2cosx + sin xz) +C 


5sinx a ¢ sin 3x + C 
we” (9a? — 62 + 2) +C 
(sin) (In (sinz) — 1) +C 


Le (a? _ 1) +C 


ssinaz x sin 30 tC 


4x arccos x — 4/1 — «2 +C 


—F cos x? +C 
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Exercise 20.8 (Integrating by parts) Match the integral on the left, the 
correct substitution in the center and the evaluated integral on the right: 


Jo sin 2ada u=2x, v=sing 101n 10 — 10 
Jo 2a cos xdx = 2In2- 3 
i x cos Txdx ; sin 2 — 4 cos 2 
iis cer dx 

1 
to x cos 2r7adx 
ie Inadzx 
Ge zlnadzx 


oe 
Jo sin radx 


21 


Techniques of integration, part two 
(Exercises) 


21.1 Trigonometric Substitutions 


Trigonometric substitution is a technique for converting integrands to trigono- 
metric integrals. For example, we can use the substitution « = asin@ for in- 
tegrands containing radicals such as a? — 2? . These substitutions convert an 
integral in the original variable x to an integral in the new variable 6. This new 
integral will involve trigonometric functions. After evaluating the new integral, 
you convert your answer back to the original variable. You can conveniently 
represent these substitutions by right triangles, as shown in the examples. For 
definite integrals, you can also convert the limits of integration to the new 
variable 6 , thus avoiding the need to return to the original variable. 


21.1.1 The Sine Substitution 
A sine substitution is motivated by the identity 
1 — sin? 0 = cos? 6. 
If we define 0 according to 
x =sind, 


then notice, that 
dx = cos 0d@ 


and 

1 — 2? = cos? 6. 
The relationship between the variables x and 8 may be represented by a right 
triangle 


V1—2? 
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From this right triangle we can easily read off all of the six trigonometric 
functions of # in terms of x. 


Example 111 Find the integral 
/ V1 — x2dx. 
Solution: When we replace x with sin @, we have 
[vir @ae = | veo? Bcos do 
= Joos? 6d0 = 5 fa + cos 20) d6 
= : (0 + sin@ cos 0) +C 


Now we are ready to express the the result in terms of the original variable x : 


Jv 1— x2dxz = ; (arcsinae + ey 1 2?) +C. 


Example 112 Find the integral 


7 V4 — x2 
—— dz. 
x 


Solution: When we replace x with 2sin 6, we have 


x 2sin@ 
dx = 2cos6dé0 


and 


2sin 0 


2 a he 
2 | SFav=2[- cay, 
sin 0 sin 0 
= 2 f (csc 0 — sin 8) do 
= 2lIn|cscé—cot6|+2cos6+C 


& [face y/ 2 
[—« = [2s 00 


21.1 Trigonometric Substitutions 


In terms of the original variable x 


a 
V4—2? 


Urea 
[Se -mp- vee — 2In|z| + V/4—-274+C. 
2 


21.1.2 The Tangent Substitution 
A tangent substitution is motivated by the identity 
1+ tan? 0 = sec? 6. 
If we define 0 according to 
x =tand 


then 
dx = sec? 6d0 


and 
1+27 =sec? 6. 


167 


The relationship between the variables x and 8 may be represented by a right 


triangle 


Va227+1 


x) 


From this right triangle we can easily read off all of the six trigonometric 


functions of # in terms of x. 


Example 113 Evaluate 
1 


————~dx 
(1+ 22) 
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Solution: When we replace x with tan 0, we have 


dx sec? 0 


lta? = sec?6 


and 


1 
sec? 6d0 


7 a sect 0 
= [cos édé 
if . 
. (9 + sin 6 cos @) + C. 


Now we are ready to express the result in terms of the original variable x 
1 i 1 
—,dt = arctan «© + ———=-————_ ] + C 
mae, ( V1i+ 22 ae) 


(arctan Bry Za) +C 


Dlr Nle 


Now we can consider a slightly more complicated example. 


Example 114 Find 


/ JV9+4x2dx 


Solution: 
2x = 3tand 
3 
dx = 5 sec? 6d6 
9+47? = 9sec?0 
So 


[vor aeae = | Vase 8 sec? ba = 5 | sec? oa 


1 
: (sec # tan @ + In|sec@ + tan @|) + C-. 


I 
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Now, in terms of the original variable x, we have 


[vor aus 
1 2 
i (qVO+R? Ge +In )+e 


2 
= a (gevor ae + in| VO a + 2 -in3) +C 
1 
= 5 (20/9 + 40? + 9n|/9 + 4x? + 204) ie 


1 2 
5 94 4a? + oa 


The Secant Substitution 


A secant substitution is motivated by the identity 
sec? 9 — 1 = tan? 0. 


If we define 0 according to 
x = sec, 


then notice that 
dx = sec @ tan 0d0 


and 
xv? —1= tan? 90. 


The relationship between the variables x and 6 may be represented by an 
associated right triangle 


V2? -1 


aN 


From this right triangle we can easily read off all of the six trigonometric 
functions of 6 in terms of x. 


Example 115 Evaluate 
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Solution: As 


x = secé 
dx = secétanddé 
z—1 = tan79@, 


we have 


/ 1 a == dd 
x22? — 1 7 sec? 9 tan 6 


= / : ao = | cosas 
sec 0 


= sind+C 
7] 

_ WIG 
x 


Let us consider slightly more complicated example: 
Example 116 Find 
; ae : g)7/2 ia 
Solution: Here we want to substitute 
a = V2sec 0. 
That makes 


dx = \V2sec0tan6dd, 
v—2 = 2sec?6—2=2tan7 0. 


The right triangle associated with that substitution is shown below: 


V2? —2 
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Now let us tale the integral 


/ x Peete: /2 sec 6 tan 6d0 
a (a? — 2)3/? Soe ae 2/2 tan? 6 


do 
2/2 Fle tan? 6 


1 2 
= —= t~ 0dé 
sa | 
= a | (ext) dé 


1 
= tO8—O)+C, 
aA | co ) 


and finally 


x 1 V2 2 
lyetpP* = 2/8 a5 + arcsec +) +C 


21.1.8 Completing a square 


Now let us consider an example which involves more general quadratic expres- 
sion. Let us find the integral 


x 
eS 


First let’s complete a square 


§—4e— 2? = 5 — (a? +40 +4) +4=9-(2 42) 
which gives 
| fae) 
Js ie=ae Fae 
Now, we can use the substitution 


xat+2 = 3sind 
dx = 3cos0dé 
9—(a+2)? = 9cos6. 
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The relationship between the variables x and 6 may be represented by an 
associated right triangle of the following form: 


DB 
V9— (+2)? 


Now, we can find that 


3 sin 6 — 2 
= 0 
/ ew 3.cos 6dé 


= [sine 2) 49 
= —38coséd—20+C 
2 
= 9 — (a + 2)? — 2arcsin (=) +C. 


Example 117 (An Application of Arc Length) A thin wire is in the shape 
of the parabola y = ae 0<a<1. What is the length of the wire? 


Solution: The derivative is y' = x, and hence, the formula for arc length 


gives 
1 1 
= 1+(y! ac = [ 1+ a2dz. 
f vir entere fv 


We then use the trigonometric substitution 


x =tand, dx = sec? 6d0, and hence \/1+ 22 = 1+ tan? @ = sec \/1 + 2?. 


The indefinite integral becomes 


1 
/ V1+22dr = [sco (sec? 0) dé = [xe 6dé. 
0 


Rather than return to the variable x , we can use the equation x = tan@ to 
convert the limits of integration: 
When x = 0, 6 = 0, and when x = 1, 0 = 7/4. Hence, we have the interesting 


conclusion that : 2 
s= | V14+2x2dxr = [ sec? 6d0. 
0 0 
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Using integration by parts twice, you obtain the formula for the right-hand 
integral, and we have the final answer: 


1 Tv 
s = zlsec 8 tan 6 + In|sec # + tan alla!" 


1 1 
= 5hn (v2+ 1) 42 5V2 1.1478 


21.2 L’Hopital’s method and partial fractions 


We would love to be able to integrate any rational function 


where p, g are polynomials. This is where partial fractions come in. The 
partial fraction method writes p(x)/q(x) as a sum of functions of the type 
which we can integrate. This is an algebra problem. Here is an important 
special case: In order to integrate 


write 


@—aje—b) @—a) * @—8) 
and solve for A, B. 
In order to solve for A, B, write the right hand side as one fraction again 


A rn B Ae =—6) + Bl =a) 
(c-—a) (ax-—b) (x — a)(a — b) 


We only need to look at the nominator: 
1= Ax — Ab+ Bu - Ba 


In order that this is true we must have A+ B=0, Ab— Ba = 1. This allows 
us to solve for A, B. 


Example 118 To integrate 
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we can write 
2 1 1 


1-2 1+2 1-2 


and integrate each term 


2 
I; 2 = In(1 +2) —ln(1 — 2). 


Example 119 Integrate 
5 — 2x 


—>——d 
o—bt+6 
Solution: The denominator is factored as (2 — 2)(x — 3). Write 


age = A B 
zw—5e@+6 2e-3 2-2 


Now multiply out and solve for A, B: 
Ale 2)-- Blt 3) S9= 2m. 


This gives the equations A+ B= —2, —2A—3B = 5. From the first equation 
we get A = —B-— 2 and from the second equation we get 2B +4—3B=5 so 
that B = —1 and so A= —1. So, we have obtained 


5 — 2x 1 1 


e—br+6  £-3 £2 


and can integrate: 


5 — 24 


Actually, we could have got this one also with substitution. How? 


1 
/ [age 


Solution: The denominator is factored as (1 — 2x%)(1+ 2x). Write 
1 A B 


1-472 1-2re) 1422 
We get A= 1/4 and B = —1/4 and get the integral 


Example 120 Integrate 


1 1 
jf t@ae = Fant 22| ra + 22) +C 
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There is a fast method to get the coefficients based on L’Hospital’s rule 


If a is different from b, then the coefficients A, B in 


A = limy a(x - 


Proof. If we multiply the identity with 7 — a we get 


p(t) B(x — a) 
Gao aes 


Now we can take the limit x — a without peril and end up with 
A = p(a)/(a— b). 


a 

Cool, isn’t it? This L’Hopital’s method can save you a lot of time! 
Especially when you deal with more factors and where sometimes complicated 
systems of linear equations would have to be solved. Remember 


Math is all about elegance and does not use complicated 
methods if simple ones areavailable. 


Example 121 Find the anti-derivative of 


22%+3 
F(a) (a — 4) (a +8) 
Solution: We write 
224 +3 A B 


(c—4)(a@+8) a-4 2£+8 


Now A= #43 — Hand B= ad a i. We have 


448 12 (—8—4) 
Qe+3 11/12 13/12 


(x — 4) (x4 + 8) Gah ek 
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The integral is 
11 13 
jplnie-4 a pinie+si +C 


Here is an example with three factors: 
Example 122 Find the anti-derivative of 


get+et+il 
(x — 1)(a — 2)(a — 3)’ 


f(@) = 


Solution: We write 


get+atl _ Ao Bee 
(e—1)(n—2)(2—3)” x—-1' w—-2' 2-3 
Now 
2 ae 2 
ie cig Eas es I aS 
G2] 03) 2 G=DE=s) 
Gz Y+3+1 13 
~ (8-1)(3-2)” 2 


The integral is 


21.3 Some famous examples 


Example 123 (Circumference of a circle) Confirm that the circumfer- 


ence of a circle of radius a is 27a. 


Solution: The upper half of a circle of radius a centered at (0,0) is given 


by the function f(x) = Va? — x? for |x| < a. 


So we might consider using the arc length formula on the interval [—a, a] to 
find the length of a semicircle. However, the circle has vertical tangent lines at 


x = +a and f'(+a) is undefined, which prevents us from using the arc length 
formula. An alternative approach is to use symmetry and avoid the points 
x = +a. For example, let’s compute the length of one-eighth of the circle on 


the interval [0, a/V2] (Figure 21.1). 
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Fig. 21.1. One eight of the circle. 


We first determine that 


x 


f'(z) = Tq gi’ 


which is continuous on [0,a/\/2]. The length of one-eighth of the circle is 
a/V2 5 
[vit e¢@yae 
0 
a/V2 2 
C°Geea 
0 a? — x? 


a/v2 dx 
af a? — x2 


© a/v 
qa 


= aarcsin 
dl Ta 
aarcsin —= = — 
J/2 4 


It follows that the circumference of the full circle is 834 = 27a units. 
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Fig. 21.2. A sphere 


Example 124 Find the area of the spherical surface of radius r obtained by 
revolving the graph of y = Vr? — 2? on [—r,r] about the x axis (see Figure 
21.2). 


Solution: We have 
r 


Tr 


7 Tr 
Qn r2 — «2? —————dz = amr | 
/ Vr2 — 2 = 


=r 


so the area is 
dx = 4rr? 


which is the usual value for the area of a sphere. 


Example 125 The disk with radius 1 and center (4,0) is revolved around they 
y axis. Sketch the resulting solid and find its volume. 


Solution: The doughnut-shaped solid is shown in Fig. 21.3. We observe 
that if the solid is sliced in half by a plane through the origin perpendicular to 
they y axis, the top half is the solid obtained by revolving about they y axis 


the region under the semicircle 
y= V1—-(¢- 4) 


1Mathematicians call this a solid torus. The surface of this solid (an "inner tube") is a torus. 
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Fig. 21.3. The disk (x — 4)* + y? <1 is revolved about they axis. 


on the interval [3,5]. The volume of that solid is 
5 
an f xrv/1— (a — 4)?dxr 
3 
1 
an f (u+ 4) V1— udu (u=a-A) 
-1 
1 1 
= an f uvT=wdu+ sn f V1— udu 
1 =4 


V 


Now pe uv 1 — u2du = 0 because the function f(u) = uV1 — u? is odd. 

On the other hand, figs V1 -— udu is just the area of a semicircular region 
of radius 1-that is, 7/2-so the volume of the upper half of the doughnut is 
8r - (7/2) = 4x7, and the volume of the entire doughnut is twice that, or 877. 

(Notice that this is equal to the area a of the rotated disk times the circum- 
ference 87 of the circle traced out by its center (4, 0).) 


21.4 Exercises 
Exercise 21.1 Evaluate the following integrals: 
1. f sin? x cos? edz, 


2. f sin? xcos° xdz, 
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Sc) 


. fe" sint dz, 
w/2. 9 4 
4. Jo’ sin’ x cos* xda, 
7/4. 9 
5. fy’ sin’ x cos 2xdz, 
6. { cos2xsin edz, 
7. f sin 4a sin 2ada, 


8. ee sin 5a sin 2rdz. 


Exercise 21.2 Evaluate the following integrals: 


ae 
pp Se. 


x 


Se) 


. fv1l— du, 
_ f Vo~ 16at, 


Nn 


an 


s 
. | ——<ds, 
ea rener ° 


3 


x 
. | dz, 
ITS i 


a 
V4a27 +241 
dx 
& | —_—_—.. 
J V34+ 22 — x2 


Exercise 21.3 Evaluate the following integrals: 


1 
Cr Crs 
1 
* SGI aD 
a 
= 2 @ ry 
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42 
5. ff Ean 


1 
oa GG aes) 
ani : d 
“J 2) (e +3242) 
a? +1 
8. Saqj® 
1 
ee rea 
xv 


10. | ———~—+d 

| apogee 

Exercise 21.4 Use L’Hospital’s method to find 
dx 


23 
a) f (x-++2)(a—3) (@—2)(@+3) 


1 
b) J aneanenaey 
Exercise 21.5 Match the integral on the left, and the evaluated integral on 
the right: 


J cosa sin* ada = 
2 “4 1 => nlvees wee JT 
J cos x sin* xdx ig® — gqsin 2x a sin 4a + 795 Sin 6x 


4 
jer cos x sin® xdx 


Tv 


3 : 
f a a cos® x sin® «dx 


2 . . 
ie cos? x sin xdx $x + ; sin 2a 


0 Set 3 3 le Le 
Jon/2 ©8 asinadx | sa — yam — 7sin 2x + a5 sin4r 


2 is ia 5. My es 
J cos? xdx gsing — 7g sin3x + g5 sin Sa 


oi sint rdx 
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Exercise 21.6 Integrate 


: 1 
[ (+3) +2(@— Des)” 


The graph of the function is shown to the below. Lets call it the friendship 
graph. 


Exercise 21.7 “One, Two, Three, Four Five, once I caught a fish alive!” 


| | 24 34 4 
= + Ax ae 


(+ae+2?+03+27+2 


Exercise 21.8 Find 
fo tata?+a3 4+ 2*)(sin(x) + e*)dxr 


Exercise 21.9 Find Fi 
1 —dx. 
i og(1)zdx 


Exercise 21.10 Find the following definite integral 


2 
| x + tan(x) + sin(x) + cos(x) + log(x)dz. 
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Exercise 21.11 Evaluate the following integral: 


20 
[ sin(sin(sin(sin(sin(a)))))da 


Explain the answer you get. 


Exercise 21.12 An evil integral: Evaluate 


HINT: Can you figure out a function f(x) which has as the derivative? 


1 
x log(x) 
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22 


Taylor polynomials (Exercises) 


22.1 Practice Problems 
Example 126 Find Taylor polynomial Py(x) for n(1+ <2). 


Solution: Let f(z) = In(1+ <2) 


Pa(x) = f(0) + f’(0)a + r).2 + PO) 2 f (0) 4 


3! ar aes 

f(0) =0 

f(z) = — f'(0) =1 

f"'@) =- aap f"(0) =— 

f"(a) = Gas f"(0) =2 

fe) =-—S FOO =-6 

Therefore 
Pa(x) = f(0)+ f’(O)a + ro),2 4 ros 4 ro. 
= Ode et aa : 4 


(see Figure 22.1). 


Example 127 Find Taylor polynomial of the function g(x) = arctan(x) for 
a=1andn=3 and give the Lagrange form of the remainder. 


BeatriceGloria_personal library 
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i] 


g(1) = 4a 
1 1 
Ie) = g()= 5 
2x il. 
" = Gh 
m _ x? 2 m 1 
g (x) (2241) (x2 i iy? g (1) ) 
_ (602-2) 
(2? +1)° 


Therefore, 


Pia) = f00) + f'0)2+ LO2 , £0),8 
1 1 


1 2 2,2 3 
1 1 
m+ 5 (x 1) TAG ) + 3 (2 ) 


1 1 1 
t5(@-1)-7@ 1 tag 1) 
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The Lagrange form of the remainder is 


ri) 
~ Al 


R(x) (c—1)*, 


where c is between 1 and 7. We need to find the fourth derivative of the given 
function. From the work above, we have 


(627 — 2) 


"@) = at 


so, 


g(x) = 24———. — 48 


Therefore, 


where c is between 1 and 7. 
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Appendixes 


Al. Greek letters used in mathematics, science, and 
engineering 


The Greek letter forms used in mathematics are often different from those used 
in Greek-language text: they are designed to be used in isolation, not connected 
to other letters, and some use variant forms which are not normally used in 
current Greek typography. The table below shows Greek letters rendered in 


TEx 


Table 22.1. Greek letters used in mathematics 


TrXis a typesetting system designed and mostly written by Donald Knuth 
at Stanford and released in 1978. 

Together with the Metafont language for font description and the Computer 
Modern family of typefaces, TeX was designed with two main goals in mind: 
to allow anybody to produce high-quality books using a reasonably minimal 
amount of effort, and to provide a system that would give exactly the same 
results on all computers, now and in the future. 
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